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Introduction 

The purpose of this survey is to present a new combinatorial method of constructing invariants 
of isotopy classes of tame links. The period of time between the spring of 1984 and the summer of 
1985 was full of discoveries which revolutionized the knot theory and will have a deep impact on 
some other branches of mathematics. It started by the discovery of Jones of the new polynomial 
invariant of links (in May 1984; [Jo-lj . [Jo-2j ) and the last big step (which will be described 
in this survey) has been made by Kauffman [K-5] in August 1985 when Kauffman applied his 
method which allowed him to unify almost all previous work. This survey is far from being 
complete, even if we limit ourselves to the purely combinatorial methods and to the period May, 
1984 - September, 1985. (Since then, new important results have been obtained.) In particular, 
we don't include the very interesting results of Lickorish and Millett [ Li-M-2] . results which link 
some substitutions in the Jones-Conway polynomial with old invariants of links. 

The survey consists of five parts: 

(1) Diagrams of links and Reidemeister moves. 

This chapter makes the survey almost self-contained and makes it accessible to non- 
specialists. 

(2) Conway algebras and their invariants of links. 

We consider in this chapter invariants of oriented links which have the following striking 
common feature: If -L+, L_, and Lq are diagrams of oriented links which are identical, 
except near one crossing point where they are as in Figure 10. H then the value of the 
invariant for is uniquely determined by the values of the invariant for L_ and Lq, and 
the value of the invariant for L_ is uniquely determined by the values of the invariant 
for L+ and Lq. 




Figure 0.1. 

We construct an abstract algebra (called the Conway algebra) which formalizes the 
above approach. 

(3) Skein equivalence and properties of the invariants of Conway type. 

We consider the properties of the invariants under reflection, mutation, connected and 
disjoint sums of links. We analyze closer the Jones-Conway (HOMFLY) polynomial. 

(4) Partial Conway algebras. 

The generalization of Conway algebras, described in this chapter, allows for the con- 
struction of new invariants of links; in particular, a polynomial of infinitely many variables 
and a supersignature. 

(5) Kauffman approach. 

The additional diagram L^o (Figure [0^ allows the construction of a new link invariant 
r |B-L-Mj and [Ho]). 

Kauffman uses regular isotopy of diagrams of links (instead of isotopy) to build a 
polynomial invariant of links which generalizes the previously known one. We construct 
an algebraic structure (Kauffman algebra) which allows us to describe invariants obtained 
via the Kauffman method in a unified way. 



Figure 0.2. 

This survey is a detailed presentation of the eight lectures given by the author at the Univer- 
sity of Zaragoza in February of 1986. The author would like to thank Jose Montesinos for his 
exceptional hospitality. 

1. Link diagrams and Reidemeister moves 

The classical knot theory studies the position of a circle (knots) or of several circles (links) in 
(or M^). We say that two links Li and L2 in are isotopic, written Li ^ L2, if there exists 
an isotopy F : x I — > x I such that Fq = Id and Fi{Li) = L2. If the links Li and L2 are 
oriented, we assume additionally that Fi preserves orientations of the links. 

We work all the time in the PL category; smooth category could be considered equally well. 
= R^U(x> and we can always assume that the link omits 00. It is not difficult to show that 
two links are isotopic in M'^ if and only if they are isotopic in S^. Links (up to isotopy) can 
be represented by their diagrams on the plane. Namely, let p — > R2 be a projection and 
L C a link. A point P S p{L) C whose preimage, p~^{P), contains more than one point 
is called a multiple point. A projection p is called regular if 

(1) There are only finitely many multiple points, and all multiple points are double points 
(called crossings), and 

(2) P/L : L ^ is the general position projection (in some triangulation of (M'^,-L) and 
M^, in which P/L is simplicial, no double points of L are vertices). 

If, for a given regular projection of a link, all over-crossings (bridges) at every crossing are 
marked, then the link can be reconstructed from the projection. The projection of the link with 
just described additional information is called the diagram of the link. 

We call two diagrams equivalent (in oriented or unoriented category) if they describe isotopic 
links. The following theorem of Reidemeister allows us to work entirely with diagrams. 

Theorem 1.0.1. Two link diagrams are equivalent if and only if they are connected by a finite 
sequence of Reidemeister moves, nf^ {i = 1,2,3) see FigureUJi 

2. Conway algebras and their invariants of links 

2.1. Conway algebras. Q 

Conway |Co| . considering the quick methods of computing the Alexander polynomial of links, 
suggested a special normed form of it (which we call the Conway polynomial) and he showed 
that the Conway polynomial, Vl(z), satisfies 

(1) Vxiiz) = 1, where Ti is the trivial knot 

(2) Vl_^ (z) — Vi_ (z) = zVlo (z), where L+, L_, and Lq are diagrams of oriented links which 
are identical, except near one crossing point, where they look like in Figure [2. l.llF . 



Furthermore, conditions ^ and ([2]) define uniquely Vl(z); [Co] . |K-2j . [Gi] . |B-M] . 



"'^The equation numbers in this subsection are off by one from the original, 

n 

The rem; 
Figures 2.1.1 



n 

The remaining figures in this section have their number shifted by one from the original, where there were two 
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Figure 2.1.1. 

At spring of 1984, V. Jones |Jo-l] . |Jo-2] has shown that there exists an invariant of oriented 
hnks which is a Laurent polynomial of \ft and which satisfies: 

(1) VT,{t) = 1, and 

(2) -tVL^ + ]Vl_ = -L) VlM- 

It was an immediate idea, after these two examples, that there exists an invariant of isotopy 
of oriented links which is a Laurent polynomial of 2- variables {Pi,{x,y)) which satisfies: 

(1) PTi{x,y) = 1, and 

(2) xPL+{x,y) + yPL_{x,y) = PlAx^v)- 

In fact, such an invariant exists and it was discovered four months after the Jones polynomial 
(in September of 1984) by four groups of researchers: R. Lickorish and K. Millett, J. Hoste, 
A. Ocneanu, P. Preyd, and D. Yetter |F-Y-H-L-M-0] (and independently in early December of 
1984 by J. Przytycki and P. Traczyk |P-T-1| ). We will call this polynomial the Jones-Conway 
polynomial or HOMFLY polynomial (after initials of the inventors of it). 

Instead of looking for polynomial invariants of links related to Figure 2.1.1, we can consider a 
more general point of view. Namely, we can look for general invariants of links which have the 
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following common feature: wl+ is uniquely determined by ■wl_ and wl^, and also ■wl_ is uniquely 
determined by wl^ and wl^. Invariants with this property we call Conway type invariants. Now 
we will develop this idea based mainly on the paper jP-T-l| . 

Consider the following general situation. Assume we are given a set A (called universum) with a 
sequence of fixed elements, oi, 02, . . . (i.e. a function / : N — > ^) and two 2-argument operations, 
I and *, each mapping A x A into A. (That is, we have an algebra A = {A; ai, 02, . . . , |, *).) We 
would like to construct invariants of oriented links satisfying the conditions: 

WL+ = WL_\WL,, 

WL- = WL+ * WL„ , and 

= CLn, where T„ is the trivial link with n components. 

Definition 2.1.1. We say that A = {A;ai,a2,---,\,*) is a Conway algebra if the following 
conditions are satisfied: 

CI. an\cLn+l = On 
C2. an * ttn+l = an 

C3. ia\b)\{c\d) = ia\c)\{b\d) 
C4. {a\b) * {c\d) = {a*c)\{b*d) 
C5. {a * b) * {c * d) = {a * c) * {b * d) 
C6. {a\b)*b = a 
C7. {a*b)\b = a 

Note that C3 through C5 are transposition properties. 

The following is the main theorem of |P-T-lj . 

Tiieorem 2.1.2. For a given Conway algebra A, there exists a uniquely determined invariant, 
w, which attaches an element wl from A to every isotopy class of oriented links and satisfies the 
conditions 

(1) wt„ = CLn (initial conditions) 

(2) '^^+ '^l^\wLo f Conway relations) 

WL_ = WL+ * WLo 

Before we give the proof, let us write here a few words about the geometrical meaning of the 
axioms C1-C7 of Conway algebra. Relations CI and C2 are introduced to reflect the following 
geometrical relations between the diagrams of trivial links of n and n + 1 components: 





99;z2^ 

ri-l times n-1 times n-l times 



Figure 2.1.2. 

Relations C3-C5 arise when considering rearranging a link at two crossings of the diagram, 
but in different order. It will be explained in the proof of Theorem 12.1.21 Relations C6 and 
C7 reflect the fact that we need the operations | and * to be in some respects opposite to one 
another. 



"^In the original, this Theorem was mistakenly numbered 2.1.1, but referenced as 2.1.2 throughout. 
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Before giving examples (models) of Conway algebra and sketching the proof of Theorem l2.1.2l 
we will show some elementary properties of Conway algebra. We have introduced in the definition 
seven conditions mainly because of esthetic and practical reasons (the roles of operations | and 
* are equivalent). These conditions, however, often depend on one another: 

Lemma 2.1.3. We have the following dependencies among axioms C1-C7: 

(a) CI and C6 C2 

(b) C2 and CI CI 

(c) C6 and C4 C7 

(d) C7 and C4 C6 

(e) C6 and C4 C5 
(f ) C7 and C4 C3 

(g) C5, C6 and C7 C4 

(h) C3, C6, and C7 C4 

Proof. We will prove, as examples, (a), (c), (e), and (g). 

C6 

(a) CI <^=^> a„|a„+i = a„ =^ (a„|a„+i) * a„+i = a„ * a„+i =^ 

C6 ^ ^ ^„ 

=^ an = On* ffln+l <^=^ 

(c) C6 =^ {a\{b\a)) * {b\a) = a <^ {a * b)\{{b\a) * a) = a ^4 
^ {a*b)\b = a ^ C7. 

(e), (g) 

C5 <^=^ (a * 6) * (c * d) = (a * c) * (6 * d) 

^ C7 C6 ^ 

{a*b) = {{a * c) * {b * d))\{c * d) 

t C7 (or C6 and C4 by (c)) 

C4 =^ {{a * c)\c) * {{b * d)\d) = {{a * c) * {b * d))\{c * d) 

substitute a = x\c and b = y\d JJ- C6 

{x\c) * {y\d) = {x*y)\{c*d) 

t 

C4 

□ 

Lemma 2.1.4. Let us define in each Conway algebra A and for each b A and action \f, 
(respectively, A ^ A defined by |fe(a) = a\b (respectively, *b(a) = a*b). Then \iy and are 
bisections on A. Furthermore, |b and *b are inverses one to another, i.e. |fe*f, = = Id. 

Lemma 12.1.41 follows from conditions C6 and C7. Now we will describe some examples of 
Conway algebras. 

Example 2.1.5 (Number of components). Set j4 = N (the set of natural numbers), Oj = i, and 
i\j = i:^j = i. Verification of conditions C1-C7 is immediate (the first letter of each side of every 
relation is the same). This algebra yields the number of components of the link. 
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Example 2.1.6. Set A = {0, 1,2}, ai = i mod 3, the operation * is equal to |, and | is given by 
the following table: 








1 


2 





1 





2 


1 





2 


1 


2 


2 


1 






The invariant defined by this algebra distinguishes, for example, the trefoil knot from the trivial 
knot (Figure [2X3D. 




Figure 2.1.3. For the trivial knot (on the left), the value of the invariant is given 
by ai = 1. The value of the invariant from Example 12.1.61 for the right-handed 
trefoil (on the right) is ai|(a2|ai) = 2. We write 96 for "not isotopic." 

Example 2.1.7. Set A = {1,2,3,4}, oi = 1, 02 = 2, 03 = 4, 04 = 1, as = 2, = 4, . . . . 
Operations | and * are given by the following tables: 





1 


2 


3 


4 


* 


1 


2 


3 


4 


1 


2 


1 


4 


3 


1 


3 


1 


2 


4 


2 


3 


4 


1 


2 


2 


1 


3 


4 


2 


3 


1 


2 


3 


4 


3 


2 


4 


3 


1 


4 


4 


3 


2 


1 


4 


4 


2 


1 


3 



The invariant defined by this algebra distinguishes the right-handed trefoil knot from the 
left-handed trefoil (Figure I2.1.4p . 




Figure 2.1.4. For the right-handed trefoil (on the left) the value of the invariant 
is given by ai|(a2|ai) = 4. The value of the invariant for the left-handed trefoil 
(on the right) is ai * (02 * ai) = 3. 

T. Przytycka has found (using a computer) all Conway algebras with no more than five ele- 
ments. If we limit fixed elements to ai and 02 and assume ai = 1, 02 = 2 then we get (up to 
isomorphism) : 



Number of elements 


Number of algebras 


2 


2 


3 


9 


4 


51 


5 


204 
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Example 2.1.8 (Jones-Conway polynomial). A = Z[x^,y^], ai = l,a2 = x + y,...,ai = (x + 

yr\... . 

We define | and * as follows: W2\wq = wi and wi = W2i where polynomials wi^ W2, and 
wq satisfy the following equation: 

(2.1.1) xwi+yw2 = wo 

The invariant of knots given by this algebra is the Jones-Conway polynomial mentioned at 
the beginning of this part. In particular, if we substitute x = ^ and y = — ^ we get the Conway 
polynomial, and after the substitution x = rT^ i , y = 7 /j^ i , we get the Jones polynomial. 

Now we will show that the algebra from Example 12.1.81 is in fact a Conway algebra. 
The conditions CI and C2 follow from the equality 

x{x + yr-^ + y{x + yr-^ = {x + yr. 

The conditions C6 and C7 follow from the fact that the actions were defined using one linear 
equation. It remains to show C3 (C4 and C5 will follow then by Lemma l2.1.3p . We have from 
the definition 

1 1/1 1 \ lyyy2 

{a\h)\{c\d) = -{{c\d) - y{a\h)) = - -{d-yc) -y-{b-ya) = -^d 0^+ 

x X \x X y 

Because coefficients of b and c are the same, if we change the places of b and c, the value of the 
expression is not changed, which proves condition C3. 

It is possible to generalize the algebra of Example 1 2 . 1 . 8 1 by introducing the new variable z and 
considering instead of 12.1.11 the equation 

xwi + yw2 = Wo — z. 

However, one does not get any stronger invariant than the Jones-Conway polynomial (see Propo- 
sition 3.38). 

Example 2.1.10 (Global linking number). Set ^ = N x Z, a,, = (i,0), and 

{a,b + 1) if a > c 



(a, b)\{c, d) — ) f -f ^ 

^ ' 1 (a, 0) 11 a < c 

I u\ I j\ / (a,fc- 1) if a > c 
(a,6)*(c,d) = | J^^^^ .^^^^ 

The invariant associated to a link is a pair: (number of components, global linking number). 

It is an easy exercise to read the global linking number from the diagram. Namely, call a 
crossing of type /x positive and a crossing of type /\ negative. We will write sgn p = + or 
— depending on whether the crossing p is positive or negative. Then for a given diagram 
lk(Z?) = I Xl^S^ Vii where summation is taken over all crossings between different components 
of D, is equal to the global index number of D. 

Now we will show that the algebra from Example 12.1.101 is in fact a Conway algebra. The 
proof of conditions CI, C2, C6, and C7 is very easy and we omit it. We consider condition C3 
in more detail. From the definition of the operation | we have 

(ai, 02 + 2) if a\ > bi and ai > ci 

(ai, 02 + 1) if (oi > bi and ai < ci) 
or (ai < 61 and ai > ci) 

(ai, 02) if ai < bi, ai < c\ 

If we exchange the places of bi and then we get the same result, so C3 is satisfied. 
We will write L^, L^, and Lo if we need the crossing point p to be explicitly specified. 



((ai,a2)|(6i,62))|((ci,C2)|(di,d2)) 
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Definition 2.1.11. Let T be a binary tree each of whose vertices represents a Hnk (trivial links 
at leaves) in such a way that the situation at each vertex (except at leaves) looks like: 



Li L_ 




Figure 2.1.5. 



In a natural way it yields a binary tree with Oj's at leaves and +'s or — 's at other vertices. 
We will call it a resolving tree of the root link. 




Figure 2.1.6. 



Example 2.1.12. Let L be the figure-eight knot represented by the diagram in Figure [2. 1.61 
To determine wl, let us consider the binary tree in Figure [2.1.71 

As is easily seen, the leaves of the tree are trivial links and every branching reflects a certain 
operation on the diagram at the marked crossing point. To compute wl, it is enough to have 
the resolving tree shown in Figure 12.1.81 

Here the sign indicates the sign of the crossing point at which the operation was performed, 
and the leaf entries are the values of w for the resulting trivial links. Now we may conclude that 
WL = ail (02 * ai). 

There exists a standard procedure to obtain a resolving tree of a given diagram. It will be 
described in the next paragraph and it will play an essential role in the proof of Theorem 12.1.21 

2.2. Proof of Theorem [2lll2l 

Definition 2.2.1. Let L be an oriented diag ram of ti components and let b — (^i? • • • ; ^n) he 
base points of L, one point from each component of L, but not the crossing points. Then we say 
that L is descending with respect to b if the following holds: If one travels along L (according 
to the orientation of L) starting from 61, then after having returned to bi - from 62, ... , finally 
from 6„, then each crossing which is met for the first time is crossed by an over-crossing (bridge). 

It is easily seen that for every diagram L of an oriented link there exists a resolving tree such 
that the leaf diagrams are descending (with respect to appropriately chosen base points). This 
is obvious for diagrams with no crossings at all, and once it is known for diagrams with less than 
n crossings we can use the following procedure for any diagram with n crossings: Choose base 
points arbitrarily and start walking along the diagram until the first "bad" crossing p is met, i.e. 
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02 ai 



Figure 2.1.8. 

the first crossing which is crossed by an under-crossing (tunnel) when first met. Then begin to 
construct the tree changing the diagram in this point. If for example sgn p = +, we get 

L = Ll_ 




Then we can apply the inductive hypothesis to Lq and we can continue the procedure with LF_ 
(walking further along the diagram and looking for the next bad point). 

To prove Theorem 12. 1.21 we will construct the function w as defined on diagrams. In order to 
show that w is an invariant of isotopy classes of oriented links we will verify that w is preserved 
by the Reidemeister moves. 

We use induction on the number cr(L) of crossing points in the diagram. For each A; > we 
define a function assigning an element of A to each diagram of an oriented link with no more 
than k crossings. Then w will be defined for every diagram by wl = Wk{L) where k > cr(L). 
Of course the function Wk must satisfy certain coherence conditions for this to work. Finally, we 
will obtain the required properties of w from the properties of the WkS. 
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We begin from the definition of wq. For a diagram L of n components with cr(L) = 0, we put 

(2.2.2) wo{L) = an. 

To define Wk+i and prove its properties we wih use the induction several times. To avoid misun- 
derstandings, the following will be called the Main Inductive Hypothesis (M.I.H.): We assume 
that we have already defined a function Wk attaching an element of A to each diagram L for 
which cr(L) < k. We assume that Wk has the following properties: 

(2.2.3) WkiUn) = an 

for Un being a descending diagram of n components (with respect to some choice of base points). 

(2.2.4) Wk{L+) = Wk{L^)\wk{Lo) 

(2.2.5) Wk{L^) = Wk{L+) *Wk{Lo), 
for L+, L„, and Lq related as usually, and 

(2.2.6) Wk{L) = Wk{RiL)), 

where i? is a Reidemeister move on L such that cr(i?(L)) is still at most k. 

Then, as any reader may expect, we want to make the Main Inductive Step (M.I.S.) to obtain 
the existence of a function Wk+i with analogous properties defined on diagrams with at most 
k + 1 crossings. 

Before dealing with the task of making the M.I.S. let us explain that it will really end the 
proof of the theorem. It is clear that the function Wk satisfying the M.I.H. is uniquely determined 
by properties 12.2.31 12.2.41 12.2.51 and the fact that for every diagram there exists a resolving tree 
with descending leaf diagrams. Thus the compatibility of the functions Wk is obvious and they 
define a function w on the diagram. 

The function w satisfies the conditions in (2) of Theorem l2. 1.21 because the functions Wk satisfy 
such conditions. 

If is a Reidemeister move on a diagram L, then cr(i?(L)) equals at most k = cr(L) + 2. 
Whence tL'_R(L) = Wk{R{L)), wl = Wk{L), and by properties of Wk, Wk{L) = Wk{R{L)), which 
implies wj^^^) = w^. It follows that w is an invariant of the isotopy class of oriented links. 

Now it is clear that w has the required property (1) too, since there is a descending diagram 
Un in the same isotopy class as T„ and we have Wk{Un) = an- 

The rest of this section will be occupied by the M.I.S. For a given diagram D with cr(L') < k+1 
we will denote by T) the set of diagrams which are obtained from D by operations of the kind 
/\ ^ ^ or /\ ^ ^ . 

Of course, once base points b = (bi,. . . ,bn) are chosen for D, then the same points can be 
chosen as base points for any L £ T>, provided L is obtained from D by the operations of the 
first type only. 

Let us define Wb for a given D and b, assigning an element A to each L £ T>. 
If cr(L) < A; + 1 we put 

(2.2.7) Wb{L) = WkiL). 
If Un is a descending diagram with respect to b we put 

(2.2.8) Wb{Un) = an, 

{n denotes the number of components). 

Now we proceed by induction on the number b{L) of bad crossings in L (in the symbol b{L), 
b works simultaneously for "bad" and for b = {bi, . . . ,bn)- For a different choice of base points 
b' = (b'l, . . . , b'n) we will write b'{L).) Assume that Wb is defined for all L € P such that b{L) < t. 
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Then for L, b{L) = t, let p be the first bad crossing of L (starting from bi and walking along the 
diagram). Depending on p being positive or negative, we have L = or L = L^. 
We put 

{Wb{L^)\wb{L^) ifsgnp= + 
Wh{L\) * Wh{Ll) if sgn p = - 

We will show that Wh is in fact independent of the choice of b and that it has the properties 
required from Wk+i- 

Conway relations for Wh- 

Let us begin with the proof that Wh has properties 12.2.41 and 12.2.51 We will denote by p the 
considered crossing point. We restrict our attention to the case when b{L^) > b{LF_). The 
opposite situation is quite analogous. 

Now, we use induction on b{L^_). If b[LF_) = 0, then b[L^j^) = 1, p is the only bad point of Vj^, 
and by the defining Equalities 12.2.91 we have 

w^{Ll)=w^{L^_)\wi{Ll), 

and using C6 we obtain 

Assume now that the formulae 12.2.41 and 12.2.51 for wi, are satisfied for every diagram L such 
that b{V_) < t, t >1. Let us consider the case b{LP_) = t. 

By the assumption 6(L^) > 2. Let q be the first bad point on L!^. Assume that q = p. Then 
by[Mj]we have 

w,{Ll)=w,{Ll)\w,{Ll). 
Assume p. Let sgn q = +, for example. Then bv 12.2.91 we have 

w,{Ll) = w,{Ll\) = w,{Ll^_)\w,{Lll). 
But b{LP^_) < t and cr{L^^) < k, whence by the inductive hypothesis and M.LH. we have 

WbiLi'^) = Wb{L^±)\wb{Ll'L), and 
wi,{Lll) = WbiLP_l)\w,m), 

whence 

Wb{Ll) = {wULP±)\wb{LP'L)) I {wULZ)\wtm)) , 
and by the transposition property C3 

(2.2.10) ^,(L^) = {wt,{LPJ_)\wt{LP_l)) I {w,{LP'L)\wb{LPt)) . 

On the other hand, b{L^_) < t and cr(Lo) < k, so using once more the inductive hypothesis 
and M.LH. we obtain 

w,{L^_) = w,{L^_\) = w,iL'±)\w,iL^_l) 

(2.2.11) 

w^iL^o) = w,{Lll) = w,{Ll'L)\w,{Lll). 
Putting EXini and [MTU together, we obtain 

Wk{L\) = Wb{L''_)\wM) 

as required. If sgn g = — , we use C4 instead of C3. This completes the proof of Conway relations 
for Wb- 
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Changing base points. 

We will show now that wi, does not depend on the choice of b, provided the order of components 
is not changed. It amounts to the verification that we may replace 5j by b[ taken from the same 
component in such a way that b'^ lies after bi and there is exactly one crossing point, say p, 
between bi and b'-. Let b' = {bi, . . . ,b[, . . . , bn)- We want to show that Wb{L) = wy{L) for every 
diagram with k + 1 crossings belonging to T). We will only consider the case sgn p = +] the case 
sgn p = — is quite analogous. 

We use induction on B{L) = max(6(-L), 6'(L)). We consider three cases. 

CBP 1. Assume B{L) = 0. Then L is descending with respect to both choices of base points and 
byEXg 

Wb{L) = a„ = Wb'{L). 



CBP 2. Assume that B{L) = 1 and b{L) ^ b'{L). This is possible only when p is a self-crossing 
point of the ith component of L. There are two subcases to be considered. 

CBP 2(a): b{L) = 1 and b'{L) = 0. Then L is descending with respect to b' and bv [2X8l 

W}ji{L) = an, and 

Wb{L) = Wb{Ll) = Wb{LP^)\wb{LP). 

Again, we have restricted our attention to the case sgn p = +. Now, Wb{LF_) = since b{LF_) = 
0, and Lo is descending with respect to a proper choice of base points. Of course, Lo has n + 1 
components, so ■Wb{Lo) = a„+i bv l2.2.81 

It follows that Wh{L) = a„|a„+i and a„|a„+i = a„ by CI. 

CBP 2(b): b{L) = and b'{L) = 1. This case can be dealt with like CBP 2(a). 

CBP 3. B{L) = t > 1 or B{L) = 1 = b{L) = b'{L). 

We assume by induction ■Wh{K) = Wbi{K) for B{K) < B{L). Let g be a crossing point which 
is bad with respect to b and b' as well. We will consider this time the case sgn q = —■ The case 
sgn g = + is analogous. 

Using the already proven Conway relations for Wb and Wb' we obtain 

Wb{L) = Wb{LV) = Wb{L\) * Wb{Ll), and 

Wy = Wb'iLl) = Wy{L\) * Wb'{Ll). 

But B{Vi^) < B{L) and cr(Lo) < k, whence by the inductive hypothesis and M.I.H. hold 

Wb{L'^+) = Wb'{L\), and 

Wb{Li)=Wb'{L'i), 

which imply Wb{L) = Wb'{L). This completes the proof of this step (C.B.P.). 

Since Wb turned out to be independent of base point changes which preserve the order of 
components, we can now consider defined a function w" which attaches an element of A to every 
diagram L, cr(L) < A; + 1 with a fixed ordering of components. 
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2.2.1. Independence of w° of Reidemeister moves (I.R.M.). 

When L is a diagram with a fixed order of components and i? is a Reidemeister move on L, then 
we have a natural ordering of components on R{L). We wih show now that w°{L) = w°{R{L)). 
Of course we assume that cr(L), cr(i?(L)) < A; + 1. 

We use the induction on b{L) with respect to properly chosen base points b = (6i, . . . , Of 
course the choice must be compatible with the given ordering of components. We choose the 
base points to lie outside the part of the diagram involved in the considered Reidemeister move 
R, so that the same points may work for the diagram R{L) as well. We have to consider the 
three standard types of Reidemeister moves (Figure [2.2. ip . 




L^R(L) L^R(L) L^R(L) L^R(L) 

D.'! n! ^3 ^3 



Figure 2.2.1. 

Assume that b{L) = 0. Then it is easily seen that also b{R{L)) = 0, and the number of 
components is not changed. Thus, bv l2.2.8l 

w°{L) = w°{R{L)). 

We assume now by induction that w°{L) = w°{R{L)) for b{L) < t. Let us consider the case 
b{L) = t. Assume that there is a bad crossing p in L which is different from all the crossings 
involved in the considered Reidemeister move. Assume, for example, that sgn p = +. Then, by 
the inductive hypothesis, we have 

(2.2.12) w°{LP_) = w°{R{LP_)), 
and by M.I.H. , 

(2.2.13) w°{LP) = w°{R{LP)). 

Now, by the Conway relation I2.2.4[ which was already verified for wq, we have 

w°{L) = w°{LP_,) = w°{LP_)\w^Ll) 

w°{R{L)) = w°{R{L)l) = w°{RiLr_)\w°{RiL)P) 
whence bv 12.2.12] and [272.131 we have 

w°{L) = w°{R{L)). 

Obviously R{LP_) = R{Lf_ and R{Ll) = R{L)l. 

It remains to consider the case when L has no bad points, except those involved in the con- 
sidered Reidemeister move. We will consider the three types of moves separately. The most 
complicated is the case of a Reidemeister move of the third type. To deal with it, let us formu- 
late the following observation: 

Whatever the choice of base points is, the crossing point of the top arc and the bottom arc 
cannot be the only bad point of the diagram. 

The proof of the above observation amounts to an easy case by case checking and we omit 
it. The observation makes possible the following induction: we can assume that we have a bad 
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Figure 2.2.2. 

point at the crossing between the middle arc and the lower or the upper arc. Let us consider for 
example the situation described by Figure 12.2.21 

We consider two subcases, according to sgn p being + or — . 

Assume sgn p = —■ Then by Conway relations 

w°{L) = w°{L'L) = w°{Ll) * w°{Ll) 
w°{R{L)) = w°{R{Lf_) = w°{R{L)l) * w°{R{L)P). 
But R{LY_^ = R{L-^) and by the inductive hypothesis 

w%Ll) = w%R{Ll)). 

Also R{L)o is obtained from Lq by two subsequent Reidemeister moves of type two (see Figure 
[223]), whence by M.I.H. 

w°iRiL)P)=w°{LP) 
and the equality w°{L) = w°{R{L)) follows. 




Figure 2.2.3. 

Assume now that sgn p = +. Then by Conway relations 

w°{L) = w°{Ll) = w°{LP_)\w°{LP), and 

w^R{L)) = w°{R{L)l) = w°{RiLr_)\w°{RiL)P). 
But R{L)^ = R{LP_) and by the inductive hypothesis 

w°{LP,) = w°{R{L'L)). 

Now, Lo and R{L)o are essentially the same diagrams (see Figure [2.2.4p . whence w°{Lo) = 
w°{R{L)l) and the equality w°{L) = w°{R{L)) follows. 
Reidemeister moves of the first type. 

The base points should always be chosen so that the crossing point involved in the move is good. 
Reidemeister moves of the second type. 

There is only one case when we cannot chose base points to guarantee the points involved in the 
move to be good. It happens when the involved arcs are parts of different components and the 
lower arc is a part of the earlier component. In this case the both crossing points involved are of 
different signs, of course. Let use consider the situation shown in Figure [2.2.51 

We want to show that w°{R{L)) = w°{L). But by the inductive hypothesis we have 

w°{L') = w°{R!{L')) = w°{R{L)). 



15 




Figure 2.2.5. 

Using the already proven Conway relations, formulae C6 and C7 and M.I.H. if necessary, it can 
be proved that w°{L) = w°{L'). Let us discuss in detail the case involving M.I.H. It occurs when 
sgn p = +. Then we have 

But Lf_ = L' and by M.I.H. w°{Lf^) = w°{Ll) (see Figure [2X6l here Lf^ and 1% are obtained 
from by a Reidemeister move of the first type). 

~ 

Figure 2.2.6. 



w°{L) =w°{L') 
w°{L) = w°{R{L)). 

The case: sgn p = — \s even simpler and we omit it. This completes the proof of the independence 
of w° of Reidemeister moves. 

To complete the Main Inductive Step it is enough to prove the independence of w° of the order 
of components. Then we set wt+i = w° . The required properties have been already checked. 

Independence of the order of components (I.O.C.). 

It is enough to verify that for a given diagram L {c{L) < k + 1) and fixed base points b = 
(6i, . . . , bi, bi+i, ... ,bn) we have 

Wfc(L) = Wb'{L) 

where 6' = . . . , bi, . . . , bn). This is easily reduced by the usual induction on b{L) to the 
case of a descending diagram. To deal with this case we will choose b in an appropriate way. 

Before we do it, let us formulate the following observation: If Lj is a trivial component of L, 
i.e. Li has no crossing points, neither with itself, nor with other components, then the specific 
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position of Li in the plane has no effect on ■w°{L); in particular, we may assume that Li lies 
separately from the rest of the diagram: 



L-Li 




Figure 2.2.7. 

This can be easily achieved by induction on b{L), or better by saying that it is obvious. 

For a descending diagram we will be done if we show that it can be transformed into another 
one with less crossings by a series of Reidemeister moves which do not increase the crossing 
number. We can then use I.R.M. and M.I.H. This is guaranteed by the following lemma. 

Lemma 2.2.14. Let L be a diagram with k crossings and a given ordering of components 
Li, L2, . . . , Ln- Then either L has a trivial circle as a component or there is a choice of base 
points b = (61, ... , bi E Lj such that a descending diagram L'^ associated with L and b (that 
is, all the bad crossings of L are changed to good ones) can be changed into a diagram with less 
than k crossings by a sequence of Reidemeister moves not increasing the number of crossings. 

Proof. A closed part cut out of the plane by arcs of L is called an i-gon if it has i vertices (see 
Figure [2.2.8p . Every i-gon with i <2 will be called an /-gon (/ works for few). Now let X be 
an innermost /-gon, that is, and /-gon which does not contain any other /-gon inside. 




O-gon l-gon 2-gon 



Figure 2.2.8. 

If X is a O-gon we are done because dX is a trivial circle. If X is a l-gon then we are done 
because laiX n L = so we can perform on L'^ a Reidemeister move which decreases the number 
of crossings of L'^ (Figure [2.2.9p . 




Figure 2.2.9. 

Therefore, we assume that X is a 2-gon. Each arc which cuts intX goes from one edge 
to another. Furthermore, no component of L lies fully in X so we can choose base points 
b = {bi, . . . ,bn) lying outside X. This has important consequences: If L'^ is an untangled diagram 
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Figure 2.2.10. 



associated with L and b then each 3-gon in X supports a Reidemeister move of the third type 
(i.e. the situation of the Figure [2'.2.1UI is impossible). 

Now we win prove Lemma 12.2.141 by induction on the number of crossings of L contained in 
the 2-gon X (we denote this number by c). 

If c = 2 then m.tX D L = 9 and we are done by the previous remark (2-gon X can be used to 
make the Reidemeister move of the second type on L'^ and to reduce the number of crossings in 

Assume that L has c > 2 crossings in X and that Lemma 12.2.141 is proved for less than c 
crossings in X. In order to make the inductive step we need the following fact. 

Proposition 2.2.15. If X is an innermost 2-gon with intX f] L ^ 9 then there is a 3-gon, 
Ac X such that A n 5X / 0, intA n L 7^ 0. 

Before we prove Proposition 12.2. T5\ we will show how Lemma 12.2.141 follows from it. 
We can perform the Reidemeister move of the third type using the 3-gon A and reduce the 
number of crossings of L'^ in X (compare Figure 12. 2. lip . 




Figure 2.2.11. 

Now either X is an innermost /-gon with less than c crossings in X or it contains an innermost 
/-gon with less than c crossings in it. In both cases we can use the inductive hypothesis. 

Instead of proving Proposition 12.2.151 we will show a more general fact, which has Proposition 
12.2.151 special case. 

Proposition 2.2.16. Consider a 3-gon Y = {a,b,c) such that each arc which cuts it goes from 
the edge ah to the edge olc without self-intersections (we allow Y to he a 2-gon considered as a 
degenerate 3-gon with he collapsed to a point. Furthermore, let miY he cut hy some arc. Then 
there is a 3-gon A CY such that A n a6 7^ and intA is not cut hy any arc. 

Proof of Proposition \2.2.16l We proceed by induction on the number of arcs in inty H L (each 
such arc cuts ab and ac) . For one arc it is obvious (Figure 12.2.121) . Assume it is true for k arcs 
(A; > 1) and consider the {k + l)st arc 7. Let Aq = (ai,6i,ci) be a 3-gon from the inductive 
hypothesis with and edge aihi C ab (Figure [2.2.13p . 

If 7 does not cut Aq or it cuts aihi we are done (Figure !!^. 2. 13p . Therefore let us assume that 
7 cuts oTcT (in ui) and 61 ci (in wi). Let 7 cut ab in u and ac in w (Figure [2.2.14p . 

We have to consider two cases: 
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Figure 2.2.12. 




Figure 2.2.13. 



(a) uui n intAo = (so wwi n intAo = 0); Figure [MH 

Consider the 3-gon uaiui. No arc can cut the edge aiui so each arc which cuts the 
3-gon uaiui cuts the edges uai and uui. 

Furthermore, this 3-gon is cut by less than k + 1 arcs so by the inductive hypothesis 
there is a 3-gon A in uaiui with an edge on uoi the interior of which is not cut by any 
arc. The A satisfies the thesis of Proposition 12.2. 16[ 

(b) mUi n intAo = (so ItrnTn intAo = 0). In this case we proceed hke in case (a). 

This completes the proof of Proposition 12.2.161 and hence the proof of Lemma 12.2. 14[ 

□ 



□ 




Figure 2.2.14. 



AMS 57M25 



ISSN 0239-8885 



UNIWERSYTET WARSZAWSKI 
INSTYTUT MATEMATYKI 



Jozef H. Przytycki 
Survey on recent invariants on classical knot theory 
II. Skein equivalence and properties of invariants 
of Conway type. Partial Conway algebras 



Preprint 8/86 
'na prawach r§kopisu' 



Warszawa 1986 



21 



3. Skein equivalence and properties of invariants of Conway type 

Let us start this chapter by introducing the equivalence relation on oriented links which iden- 
tifies links which cannot be distinguished by an invariant of Conway type. This relation is called 
the skein equivalence and is denoted by ~5 ( |Co| . |Li-M-l| . |P-T-1] ) . 

Definition 3.1. ~5 is the smallest equivalence relation on isotopy classes of oriented links which 
satisfies the following condition: 

Let Li (respectively, L2) be a diagram of a link Li (respectively L2) such that pi and p2 are 
crossings of the same sign and 

-s {L'^n^r. p., and (L;)S^ ~5 (^'2)f^ 

then Li -^2- 

From the definition we get on the spot: 

Lemma 3.2. Two oriented links are not skein equivalent iff there exists an invariant of Conway 
type which distinguishes them. In particular, assigning to an oriented link its skein equivalence 
class ins an invariant of Conway type. 

Skein equivalence can also be described as a "limit" of the sequence of relations. Namely, 
~o Li ~o L2 iff Li is isotopic to L2, and 

~j is the smallest equivalence relation on oriented links which satisfies the condition: Let 
L'l (respectively L2 be a diagram of a link Li (respectively L2 with a given crossing 
pi (respectively P2), sgn pi = sgn p2 and (L'J^'sgn pi (^2)-sgn P2 and {L[)^^ 

(L'2)? then Li ~i L2. 

Now it is easy to show that the smallest relation which contains all ~j relations is the skein 
equivalence relation. We can weaken the relations ~j not assuming that they are equivalence 
relations. Namely, we introduce p^iQ, ssi, . . . , ss,, . . . , r^oo as follows: 

~o =~o, and 

~i Li ~j L2 iff there exist diagrams L[ for Li and L2 for L2 with crossings pi and p2 
respectively such that sgn pi = sgn p2 and (i'i)^\gn ~t-i (^2)-^sgn pa and {L[)^^ 
(L'2)P^ and 

«oo is the smallest equivalence relation on oriented links which contains all relations ~j. 

Problem 3.3. (a) Are there links which are skein (~s') equivalent but not ~oo equivalent? 

(b) Are there links which are «oo equivalent but are not ~j equivalent for any finite i? 

(c) For which i > do there exist links which are ~i equivalent but are not ~j equivalent? 

Let us come back now to invariants of Conway type and to the skein equivalence. We start 
from examples of links which are not isotopic but which are skein equivalent. 

Lemma 3.4. If —L denotes the link we get from the link L by changing orientation of each com- 
ponent of L then —L ~5. In particular, for the Jones-Conway polynomial P{x,y), P-L{x,y) = 
PLix,y). 

Proof. The proof is immediate if one notices that the sign of a crossing is not changed when 
we change L to —L. So we can build the resolving tree (the same for L and —L) proving that 
L ~crL-i —L where cr(L) is the minimal number of crossings of diagrams of L. □ 

Example 3.5. The links Li and L2 from Figure [3T] are skein equivalent (if we build a resolving tree 
starting from the marked crossings then we even show that Li ~i L2). Li can be distinguished 
from L2 by considering global linking numbers of its sublinks. 

For further examples we need the definition of a tangle and a mutation. 
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Figure 3.1. 



Definition 3.6 ( |Li-M-l ] ) . (a) A tangle is a part of a diagram of a link with two inputs and 
two outputs (Figure [3. 2r a)). It depends on an orientation of the diagram which arcs are 
inputs and which are outputs. We distinguish tangles with neighboring inputs (Figure 
I3.2f b)) and alternated tangles (Figure [3. 2f c')). 

/ \ 



(b) tangle with 

neighboring inputs 



(c) alternated 
tangle 



Figure 3.2. 

(b) Let Li and L2 be oriented diagrams of links. Then L2 is a mutation of Li if L2 can be 
obtained from Li by the following process: 

(i) Remove from Li an inhabitant T of a tangle B. 

(ii) Rotate T through angle vr about the ventral axis (perpendicular to the plane of 
the diagram) or about the horizontal or vertical axis of the tangle and iff necessary 
change the orientation of T (so that inputs and outputs are preserved). 

(iii) place the new inhabitant into the tangle B to get L2. 

Lemma 3.7 ( |Li-M-l] . |Hos-lj . |Gij ) . If Li and L2 are links whose some diagrams differs by a 
mutation then Li ~5 L2. In fact we have Li ~cr-i L2 where cr is the number of crossings in the 
mutated tangle of the diagram (here k,_i=k,q). 

Proof. For cr < 1 we rotate one of the tangles from Figure [331 (up to trivial circles in the tangle) 
and such a mutation does not change the isotopy class of a link. Then we use in the proof the 
standard induction on cr and the minimal number of bad crossings in the tangle (similarly as in 
the proof of Theorem 12.1.20 . 




Figure 3.3. 



□ 
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Example 3.8. The Conway knot (Figure 4(a)) and the Kinoshita-Terasaka knot (Figure |4(b)[ ) 
are mutants of one another (the rotated tangle is shown on Figures 4(a) and |4(b) ). Therefore, 
these knots are skein equivalent (even ~i equivalent; just start to build the resolving tree from 
the marked crossings). D. Gabai |Gaj has shown that these knots have different genera so they 
are not isotopic (R. Riley [Rij was the first to distinguish these knots). 





(a) Conway knot. 



(b) Kinshina-Terasaka knot. 



Figure 3.4. 



Example 3.9 ( [Li-M-l] . |Hos-lj ). In Figure 13.61 is shown a pretzel link that will be denoted 





Figure 3.6. 



The ith vertical strip has pi half twists, the superscript e{i) is 1 if all the crossings on the 
ith strip are positive and —1 if they are negative. Note that e(i) depends on the choice of 
orientation of the various components; for a given {pi,P2, ■ ■ ■ ,Pn) an arbitrary choice of e may 
not be possible. To have a pretzel link oriented assume that the upper arc is oriented from the 
right into the left (compare Figure [377|) . It follows from Lemma 13.71 that for any permutation 

Lipf 

is skein equivalent to 



^\Pd{l) ■•Pd{2) ■• ■ ■ ■ ■>i'd{n) )■• 

because we achieve the second link from the first by a finite sequence of mutations. In partic- 
ular, we can travel from the pretzel link of two components, L(3, 5, 3, — 5^^ , — 3~^, — 3^^), (see 

-3~^, 5, 3, 3), using a finite number of mutations. 



Figure ISlTf) ■ to its mirror image, L(— 3 , —5 
however, these links are not isotopic (see [B-Z] ). 
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Figure 3.7. 

Example 3.10. Consider a diagram, D, of a link with two alternating tangles. We assume the 
following convention: 



I L__J, with n half-twists in the second box, and 

□ « 

Let D{n,m) denote the diagram obtained from D by putting m in the first tangle and n into 
the second. Assume that D{oo,n) is skein equivalent to D(m, oo) for every m and n. Then for 
m + n = m' + n' and m = m'{ mod 2), Z)(m, n) D{m' , n'). 

Examples of diagrams which satisfy the above conditions were found by T. Kanenobu [Ka-H 
iK^lKa;^ (Figure ES]). 




Figure 3.8. 

In this example, D{oo,m) and D{n, oo) are trivial links of 2 components. Kanenobu [Ka-lj 
has shown (using Jones-Conway polynomial and the structure of the Alexander module) that 
D(2m,2n) is isotopic to D(2m' ,2n') iff {m,n) = {m',n') or (m,n) = {n\m'). 

To show the statement from Example 13.101 one should use the standard induction on \m — m'\. 

The next example and its story are taken from the Lickorish and Millett paper |Li-M-l] . 

Using a computer, M.B. Thistlethwaite has shown that amongst the 12966 knots with at most 
13 crossings, there are thirty with the Conway polynomial Vi(z) = 1 + 2z^ + 2z^. Examination 
of these failed to find a pair of knots distinguished by the Jones-Conway polynomial, but not by 
the Jones polynomial. However, an outcome of that search produced the following example. 

Example 3.11. [ Li-M-l] Consider the knots in Figure [3T9l 

Now changing the encircled crossing of 136714 produces IO129, and nullifying (smoothing) 
that crossing produces T2, the trivial link of 2 components. Similarly, changing the encircled 
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crossing in IO129 give Sg and smoothing it gives T2. Hence, we have triples (136714, 10129,72) and 
(Ss, IO129, 72), both of the form {L^, L^, Lo). Therefore 8s and ISgyu are skein equivalent. The 
knots of Figure 13.91 are slice knots and so have zero signature. Furthermore, 8s is the only knot 
with L(25,ll) as its double branched cover (Sg is the 2-bridge knot of type Kii/25)', see [Hod]. 
Because Sg is not isotopic to 136714 (first shown by Thistlethwaite) ; (also Kauffman polynomial, 
Chapter 5, distinguishes these knots) therefore Sg and 136714 have different double branched 
covers. From this it can be gained that 8g cannot be obtained from 136714 by a finite sequence of 
mutations (because a mutation does not change the double cover of a knot), the same observation 
can be gained using the Kauffman polynomial (Lemma 5.9(e)). 

Lickorish and Millett found in [Li-M-lj that 8g and IO129 (the mirror image of IO129) have the 
same Jones-Conway polynomial and they asked whether they are skein equivalent. Kanenobu 
has given the positive answer to this question showing that the knots 8g, IO129, and 136714 are 
special cases of his D{m,n) knots [Ka-2j . 

Proposition 3.12. 8g D{0,—1), IO129 ~ D{2,—1), and 136714 ~ -D(2,— 3), where denotes 
isotopy. 

Proof. Just by checking the needed equalities. □ 

This allows us to answer the first part of Question 10 [Li-M-lj : 

Corollary 3.13 ( |Ka-3] ). The knots 84 and IO129 o'^e skein equivalent but they have different 
unknotting numbers. 

Proof. It can be easily shown that IO129 has unknotting number 1. For the proof that 8g has 
unknotting number 2 we refer to [Li-M-l] (see also |Ka-Mj ) . □ 

Examples which we have described so far have shown limitations of invariants of Conway type. 
However, the fact is that, for example, the Jones-Conway polynomial is better than the Jones 
polynomial and the Conway polynomial. In fact, the Jones-Conway polynomial is the stronger 
invariant. This is confirmed by the following example which comes from the Thistlethwaite 
tabulations (see |Li-M-l| ). 

Example 3.14. Consider the knot shown in Figure [3.101 (ll'^«« in [Pe] ) . We have Pii,^g^{x,y) / 

^11388 (^'2^)' ^11388 (*) = %388 (*) ^11388 (^) = ^UasS^^)- 

Proof. Check the values of the invariants for llsgg in the table and use the following Lemma: 
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11388 

Figure 3.10. 

Lemma 3.15. // the link L is the mirror image of the link L, then the Jones- Conway polynomial 
satisfies 

Pii^^y) = PL{y,x). 

In particular, for the Jones polynomial we have ^(^j = Vl{j), and for the Conway polynomial 
we have V-^{z) = V l[—z). 

The proof of the lemma is an easy consequence of the observation that the sign of each crossing 
is changed if we move from L to L. 

□ 

The idea of Lemma l3 . 1 5 1 can be partially generalized to other invariants yielded by a Conway 
algebra. 

Lemma 3.16. Let A = {A; ai, 02, . . . , |, *} be a Conway algebra such that there exists an invo- 
lution T : A ^ A which satisfies 

(1) T(aj) = Oi, and 

(2) T{a\b) = T(a) *r(6). 

Then the invariant, A^, yielded by the algebra satisfies 

Al = t{Al). 

In Examples 12.1.51 and 12.1.61 r is the identity. In Example 12.1.81 which defines the Jones- 
Conway polynomial, T{P{x,y)) = P{y,x), and in Example 12.1.101 T{n,z) = {n,—z). On the 
other hand, the algebra from Example 12.1.71 does not have such an involution. 

Remark 3.17. We can build a Conway algebra using terms (words over the alphabet 
oi, 02, . . . , I, *, (, ) which are sensible). 

In this algebra r exists and is uniquely determined by the conditions in Lemma [3.161 To prove 
this, it is enough to observe that r maps axioms of a Conway algebra into axioms. On the other 
hand, this algebra, Au, is the universal Conway algebra, that is, for any other Conway algebra 
A there is a unique homomorphism Au — > A. 

Remark 3.18. It may happen that for each pair u,v £ A there exists exactly one w £ A such 
that v\w = u and u * w = v. Then we can introduce a new operation o : A x A ^ A putting 
u o V = w (we have such a situation in Examples 12.1.61 12.1.71 and 12.1.81 but not in Examples 
12. 1.5l and l2. 1.10(1 . Then = fln-i ° o-n-i- We can interpret o as follows: If wi is the invariant of 
L+ and W2 of L_ , then wi o W2 is the invariant of Lq ■ If the operation o is well-defined we can 
find an easy formula for invariants of connected and disjoint sums of links. 

Theorem 3.19. If L = LiU L2 (a disjoint sum) then PliuL2{xj u) = ix + y)PL-^ (x, y) ■ Pl^ (^j y)> 
where Pi{x^y) denotes the Jones-Conway polynomial of L. 
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Proof. There is a diagram of L in which Li is disjoint from L2. It is a spUttable diagram. We 
win show Theorem 13.191 for splittable diagrams. We use the induction on pairs (cr(L),5(L)) 
ordered lexicographically; crL denotes the number of crossings and b{L) the minimal number of 
bad crossings over all choices of base points. 

For b{L) = 0, the theorem holds because L is a trivial link of n{L) components and Li and 
L2 are trivial links of n{Li) and n{L2) components respectively, and by the definition 

Pl{x, y) = {x + y)^'^^-^ = {x + y){x + y)<'^^'^-\x + y)^^-^)-^ = {x + y)PL, (x, y) ■ Pl, {x, y). 

Assume that we have shown the theorem for splittable diagrams which satisfy (cr(L), b{L)) < 
{c,b), 6/0, and consider a diagram L with (cr(L),6(L)) = (c, 6). 

Let p he a bad crossing of L. Consider first the case p £ Li, sgn p = +. For and Lo, the 
theorem is true by an inductive hypothesis. Therefore: 

PL{x,y) = PLi{x,y) = ^ [PLv{x,y) - yPLV_{x,y)^ = 
I ((x + y)P[L^)i {x, y) ■ Pl2 {x, y)-y{x + y)P(LiZ " (x, y)) = 
{x + y)PL2ix,y) ■ - yP(^L^z{x,y))^ = (x + y)PL2 (x, y) • PLi{x,y), 

which completes the proof of the theorem in the considered case. In other cases, we proceed 
similarly. □ 

Corollary 3.20. If L = Li jj L2 (connected sum), then 

PL{x,y) = PlAx^v) ■ PL2{x,y). 

Proof. There is a diagram of L as in Figure 13. Ill Rotate L2 to get diagrams and L_ as in 
Figure 13.121 Of course -L+ and L_ are isotopic to L, and Lo (Figure 13.121 is the disjoint sum of 
Li and L2. 




Figure 3.11. 




Figure 3.12. 



Therefore 

xPL{x,y) +yPL{x,y) = PLiuL2{x,y) 

and from this we have 

{x + y)PLi tt L2{x,y) = PLiUL2{x,y)- 
This formula and Theorem 13.191 give us Corollary I3.2U[ 



□ 
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Theorem 13.191 and Corollary 13.201 can be partially generalized to the case of invariants yielded 
by an Conway algebra with the operation o. First, observe that if we add the trivial knot to the 
given link L then we get instead the value o A^ (or ^f^); Figure [3.131 In particular, we 
get known equality of = Oj+i . More generally, considering Figure I3.12[ we get 



(3.21) 



A 



-L1UL2 



A 






o 



Figure 3.13. 



Using a similar method to that of Theorem 13 . 1 9 1 and Corollarv l3.20[ one can prove the following 
lemma. 

Lemma 3.22. Let the Conway algebra A have the action o and let for each w £ A exist a 
homomorphism (operations \ and * are preserved) (p^ : A ^ A such that ifwio-i) = w, ^^10(02) = 
w'^, ipw{cis) = w'^, .... Then 

^Li tl L2 = ¥'AiJ(^L2) = ^AL^iAi^) 

Conway algebras from Examples 12.1.61 1 2.1.71 and 12. 1.8) satisfy the assumptions of Lemma l3.22[ 

Problem 3.23. (a) Consider the equation a\x = 6 in the universal Conway algebra. Can is 
possess more than one solution? (The equation ai|x = 02 has no solutions.) 
(b) Assume that for some diagrams of links L and L' and for some crossings hold ~5' 
and L_ ~5' L'_. Does the equality Lq ~5 L'^ hold? 

The following theorem of S. Bleiler and M. Scharlemann |B-Sj can be thought of as the first 
step to solve Problem 13. 23r b). 

Theorem 3.24. Let L_, and Lq be diagrams of links in standard notation (Figure \0. 
Then 

(a) // L-|_ and L_ represent trivial links then Lq also represents a trivial link. 

(b) // L_ and Lq represent trivial links and we consider a self-crossing of some component 
of L^, then is a trivial link. 

(c) // L_ and Lq represent trivial links and we consider a crossing of different components of 
L_ then L_|_ is isotopic to the link which consists of Hopf link and a trivial link (Figure 





Figure 3.14. 
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For the proof, we refer to |B-S| . 

Lickorish and Millett |Li-M-lj have generahzed Corollary 13.201 into the case of the sum of 
(alternating) tangles (see |Li-l| ). This is the two- variable analogue of the numerator-denominator 
formula of Conway |Coj for the Conway polynomial. 

Proposition 3.25. Let A and B he two alternating tangles. Let A + B denote the tangle of 
Figure \3.1^ 




A+B 



Figure 3.15. 

The numerator of A, N{A), is the link shown in Figure V3. 1 Oi a), and the denominator of A, 
D(A), is shown in Fiaure [3.16]f b). 




(a) (b) 



Figure 3.16. 

Finally, A'^ and A^ denote the values of the Jones-Conway polynomial for N{A) and D{A) 
respectively. 
Then 

(a) (1 - (x + y)2)(A + B)^ = {A^ B^ + A^B^) - (x + y){A^B^ + A^B^) 

(b) (A + B)^ = A^B^. 

Proof. Part (b) is exactly Corollary 13.201 To prove part (a) of Proposition 13.251 we use the 
induction on {cic{B),b{B)), (number of crossings in B, minimal number of bad crossings in B) 
similarly as in Theorem 13. 191 We can find, for the tangle B, a resolving tree the leaves of which 
are the tangles shown on Figure [3.181 possibly with some trivial circles. The same trivial circles 
appear in A + B so they can be omitted in further considerations. 

N(Bi) and D{B2) are trivial knots and D(Bi) and N(B2) are trivial links of two components. 
Furthermore N{A + Bi) = D{A) and N{A + B2) = N{A). Therefore Bf = B^ = 1, 5f = 
B^ = {x + y), {A + Bi)^ = A^, and {A + ^2)^ = A^ . 

From these it follows that 

(1 - (x + yf){A + = (1 - (x + yfA"" = {A^{x + y) + A^) - (x + y)(A^ + ^^(x + y)). 

Similarly, 

(1 - (x + yf){A + Ss)^ = (1 - (x + yfA^ = {A^ + (x + y)^^) - (x + y)((x + y)A^ + ^^). 
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Thus we have proved Proposition 13.25( 1) in the case oi B = Bi or i?2- Now immediate 
verification shows that if the formula holds for B- and Bo then it holds for B^ and similarly, if 
it holds for B-^- and Bo then it holds for B^. This allows us to perform the inductive step and 
complete the proof of Proposition 13.251 □ 

Corollary 3.26 (|:CoJ). Let us define the ration F{A) of the tangle A as follows: 



F{A) 



Vd(A)(^) 



where ^{z) is the Conway polynomial and the common factor of the numerator and the denom- 
inator is not reduced. Then F(A + B) = F{A) + F[B). 

Example 2,-21 . Let A be the tangle from Figure [3T9l The F{A) = f . 




A N(A) D(A) 

Figure 3.19. 



Problem 3.28. Let ^ be a Conway algebra for which there are the operation o and the homeo- 
morphism ipyj . Find the value of the invariant yielded by the algebra for the numerator of a sum 
of two tangles. 

J. Birman [Bi-2] (and independently M. Lozano and H. Morton) found examples of knots 
which are not isotopic but which have the same Jones-Conway polynomial. Lickorish and Millett 
|Li-M-lj observed that these knots are not skein equivalent because they have different signature. 

Signature and its generalizations will be considered in the next chapter, there we will show 
that the examples mentioned above are algebraically equivalent (i.e. cannot be distinguished by 
any invariant yielded by a Conway algebra). We follow the paper |P-T-2j . 

We will consider oriented links in the form of closed braids. We will use notation and termi- 
nology of Murasugi |Mu-l] (see also |Bi-lj ). In particular for 3-braids A = aia20i (di and (T2 
are shown on Figure I3.20| the notations reflect the actual fashion that positive braids have all 
crossings positive). 

We start from the first family of Birman examples. 
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Figure 3.20. 

Theorem 3.29. Lei 7 be a 3-string braid a^^ . . . a'^^'^a'^^'' such that the sum of the exponents 

2k 

0/7, 6(7) = ^^Oj, is equal to 0. Then the closed braid 7 cannot be distinguished from its mirror 
1=1 

image 7 by the invariant yielded by any Conway algebra. 

Proof. Consider a Conway algebra A = {A,ai,a2, . . . ,\,*). First we will formulate a lemma 
which is crucial to our proof of the theorem, then we will show how the theorem follows from 
the lemma, and then we will prove the lemma. 

We will use the following notation: if 7 = 7i<Tj'^72C^73 is a 3-braid, then Aa+p^+q denotes the 

value of the invariant of the closed braid 'ya+p,b+q: where "fa+p,b+q = 7iO'j"'''^72C^''''^73- Strictly 
speaking, 71, 72, 73, i, and j should be explicitly given in the notation, but we adopt a rather 
informal convention of treating a and b as recognizing signs for them. We will also use a natural 
convention of writing j_i,^^a ^or the mirror image of 'jafi- 
We have the following obvious equalities: 

Aa,b = Aa-2,b\Aa-l,b = (^a-2,6+2 * ^a-2,b+l) 
Ac,d = Ac^d+2 * ^c,d+l = {Ac-2,d+2\Ac-l,d+2) * ^c,d+l- 

Let us formulate our lemma. 
Lemma 3.30. (a) If Aa~2,b+2 = Ac--2,d+2 then we have the following equivalence: 

{W2 * Aa-2,b+l)\h2 = {wi\Ac^i^d+2) * hi {w2 * ^c-3,d+2) | ^^2 = (if 1 |^a-2,6+3) * hi, 

where wi,W2, /ii, /12 G A. 
(b) //^a_2,f,+2 = ^c-2,d+2 and Aa-3^b+3 = ^c-3,d+3 then we have the following equivalence: 

{W2 * Aa-2,b+l)\h2 = {wi\Ac-l4+2) * h (^2 * ^a-4,b+3)l^2 = (u-l |^c-3,d+4) * h. 

First, we show how to prove Theorem 13.291 using Lemma 13.301 Let 7 be a cyclically reduced 
word, 7 = (T^Vj^ . . . 0"^^''^ ^2^*" with \ai\ > and 6(7) = (the sum of the exponents). We 
define the complexity of 7 to be the pair (cr(7),p(7)), where cr(7) is the sum of absolute values 
of exponents of 7 (i.e. the number of crossing points of the closed braid 7) and ^(7) is the number 
of pairs of exponents aj, Oj+i in 7 having the same sign (in the cyclic word, we consider also the 
pair a2k, oi)- We will prove the theorem by induction first on cr(7), then on ^(7). The theorem 
is obviously true for cr(7) = 0. Also for cr(7) = 2k and ^(7) = 0, we have 7 isotopic to its mirror 
image (we have a cyclic word of the form 1,-1, 1,-1,... in this case). 

It is easy to see that if cr(7) — 2k + p{'y) > 0, then we can choose a and 6 (a > 0, 6 < 0), two 
of the exponents of 7, in such a way that either 

(a) cr(7a_2,6+2) < cr(7) 

or 

(b) cr(7a_2,6+2) = cr(7) and p(7a-2,6+2) < ^(7)- 

In both cases we have by inductive assumption that Aa-2,fe+2 = ^-b-2,-a+2 (according to the 
adopted notation, ^_b_2,_a+2 is the value of the invariant for the mirror of 7a-2,fe+2)- We have 
also 

Aa,b = {Aa-2,b+2 * ^a-2,fe+l ) | ^a-l,fe 
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A—b-a = {A—b-2-a+2 * ^-b-l,-a+2) |^-b,--a+l , 

and we want to prove Aa^t = ^-b-a- 

Let us consider the cyclic word 7a_2,fe+i. We have either that (a) it consists of one letter, and 
then Aa-2,b+i = ^-6-1, -a+2 = a2 £ A, and we need to prove the equality 

(3.31) {w * a2)\Aa-i,b = {w\a2) * A_h-a+i, 

where w = ^a-2,6+2 = ^-6-2 -a+2, or 

(b) it has exponents p and q such that \p\ > 2, p — q < 0. We will consider the case p > 2, 
q<-l. 

We will now use symbols like Ap+x,q+y for values of the invariant for closed braids obtained 
from 7a-2,fe+i (not from 7!) by changing the exponents p and q, we also use ^p+x,q+y for the 
related braids. Using this notation we obtain 

^a-2,fe+l = Ap,qi 

and by the inductive assumption 

Ap,q+l = ^-q-l-pj 
^p-l,g+2 = ^-y-2,-p+lj 

because cr(7p,g+i), cr(7p_i,g+2) < cr(7) and e (7p,g+ i) = e(7p_i,g+2) = 0. 

We are now in a position to apply Lemma I3.30l f2) taking a = p + 2, b = q — 1, c = —q + 1, 
d= -p-2, wi = W2 = Aa-i^b+2 = ^-b-2,-a+2, ^2 = and hi = A^b-a+i- We obtain the 

following equivalence: 

{W2 X Ap^g)\h2 = {wi\A^g^^p * hi <^ (^2 X Ap^2,q+2)\h2 = {wi\A^g^2-p+2) * hi- 

We can repeat the procedure until we are reduced to proving the equality 13.311 The same 
argument works for p > 1, q < —2, the only change is that we are able in this case to diminish |g|, 
not \p\. In order to prove [33T] let us consider equalities {w x Aa-i^b)\^a-i,b = w = {w\A_b-a+i)*- 
A_b-a+i^ which are true by C6 and C7. Applying Lemma [3.30l in a manner similar to the above 
used we obtain a sequence of equivalent equalities ending with 13. 3H thus 13.311 is true, which 
completes the proof of Theorem I3.29[ 

It remains only to prove Lemma 13.301 

Consider the equality 

(3.32) (^2 * Aa-2,b+l\h2 = {wi\Ac-l4+2) * hi- 

Multiplying both sides of 13. 321 bv |/i2) * ^c-i,d+2) we get an equality equivalent to 13.321 

(3.33) {{{W2 * ^a-2,6+l)|/l2)|/ll) * ^c-l,d+2 = "^1 

(we applied C7 and C6 to the right side). 

We will now consider a series of equalities obtained by transforming the formula for the left 
side of l3.331 This will be done by applying transposition properties, C6 and C7. For the reader's 
convenience the axiom applied will always be marked. In case of transpositions, we will also 
mark the elements to be transposed by setting them in boldface. 
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The left side of l3.33l is equal to (we begin by replacing ^c-i,d+2 with vlc-3,(i+2|^c-2,d+2)- Then 
we have 

[{{'W2 * (^a-2,fe+3 * ^a~2,6+2))|/i2)|hl] * [Ac-3,d+2 1 ^c-2,d+2] 

C3 

= {{{W2 * iAa-2,b+3 * ^a-2,6+2))|/l2) * ^c-3,d+2) I (/ll * ^c-2,d+2) 

= {[{W2 * (^a-2,6+3 * ^a-2,6+2))|h2] * [(Ac-3,d+2 * Ac-2,d+2) | ^c-2,d+2] ) | (/ll * ^c-2,d+2) 
C4 

= {{[W2 * (Aa-2,b+3 * Aa-2,b+2)] * [Ac-3,d+2 * ^c-2,d+2] ) | (/i2 * ^c-2,d+2))| (/il * ^c-2,d+2) 
C5 

= {[{W2 * ^c-3,d+2) * ((Aa-2,b+3 * Aa-2,b+2) * Ac-2,d+2)] | (h2 * ^c-2,d+2) ) | (/ll * ^c-2,d+2) 

= {[{W2 * Ac-34+2)\h2] * (((^a-2,6+3 * ^a-2,fe+2) * ^c-2,d+2) I ^c-2,d+2) ) I (^ll * ^c-2,d+2) 
C7 

= [{{W2 * Ac-34+2)\h2) * (Aa-2,b+3 * Aa-2,b+2)] | [hi * Ac-2,d+2\ 

C4 

= {{{W2 * Ac-34+2)\h2)\hl) * {{Aa-2,b+3 * Aa-2,b+2)\Ac~2,d+2) 

But we have assumed Aa-2,b+2 = ^c-2,d+25 so applying C7 we obtain {{{w2*Ac-s,d+2)\h2)\hi)* 
Aa-2,b+3 equal to the left side of 13. 331 
Thus [3^32] is equivalent to 

{W2 * Vlc-3,d+2)|/i2 = {wi\Aa-2,b+3) * h 



which completes the proof of Lemma 13.30( 1). If we repeat the above argument once more we 
will get Lemma [3.30( 2). 

n 

If 7 from Theorem [329] has normal form A^"7o, n 7^ 0. and 7 G rig (i.e. 7 = A^^u^^Vg^ . . . a^''a2' , 
Pi,qi,k > |Mu-lj ). then 7 has non-zero signature (see |Mu-lt lBi-2j : it can be shown that e 
from Proposition 11.1 of |Mu-l] is equal to 0). 

Furthermore, the determinants of links from fig are not zero |Mu-lj . so the signature of these 
links is a skein invariant (see part 4) . Theorem 13.291 gives a class of pairs of links which are not 
skein equivalent but have the same invariant in every Conway algebra. 

We can work similarly with links from Proposition 2 and Lemma 4 of [Bi-2| . 

Theorem 3.34. Let 'j be a 3-string braid al^a^" ■ ■ ■ crf^'Va'^^ such that 6(7) = 6r. Let B = 
^4r^-i_ ^/jg closed 3-braid 7 cannot be distinguished from B by the invariant yielded by 

any Conway algebra. 

Proof. For 6(7) = it is Theorem 13.291 Assume 6(7) > (the case 6(7) < is quite analogous). 
Theorem 13.341 holds for the link of three components 7 = A^^ and for the knot A^(^~^Vf(T20"i(T2 
(7 is isotopic to B in both cases) . Now we will proceed by induction on some "complication" which 
measures the distance between given 7 and 

^2r ^2{r-l)^2^2^^^2_ 

Namely, our complication 

associated to a word 7 is the triplet (cr(7), 5(7), ^(7)) where 5(7) is equal to 6(7) — p {p denotes 
the number of monomials in the cyclically reduced word 7), and ^(7) is the number of exponents 
Oj equal to 2. 

The rest of the proof reminds that of Theorem 13.291 but differs in details. We will give a sketch 
of the proof. 

If cr(7) = 6(7) and 5(7) < 2. We have done (the theorem holds for A^*", A^(r — 1)cjJ(T20"i(72 
and its conjugates in B3, A^(r — l)afa2(Ti<J2). Consider 7 with cr(7) > 6(7) or cr(7) = 6(7) 
with 5(7) > 2, and assume Theorem 13.341 holds for 7's with a smaller complication. Now either 
7 is conjugate in i?3 to a word with a smaller complication or we can write 7 = 7i<7f 72<7'j73 in 
such a way that -^'^-2,6+2 j^g^g gnialler complication that 7. Namely, let the cyclically reduced 

7 = <(i)<{2) • • • ^rfp)- '^^^'^ ^it^^'^- 
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(i) cr(7) > 6(7). Then there exist i and j such that ai > 2, aj < —1 and we put a = Ui, 
b = ttj. Then 01(7^-2,6+2 < £1(7) - 2. 

(ii) All oj > and there exists i with Oj > 4. Then we write 7 in the form 

T = <(i) • • • ^ • • • ^here 

, r 1 iff6(i) = 2 
^ ~ \ 2 iff e(i) = 1 ' 

and we put a = 2, 6 = 0. Then cr(7a_2,fe+2) = cr(7) and 5(70-2,6+2) = s{-y) - 2. 

(iii) All at > and there exist i 7^ j, such that Oj > 3, > 2. Then we write 7 in 
the form 7 = fi^^^^ . . . c7^"^\^ . . . ^e{j)'^e'{j)Klj)^ ' ' ' ^"(p)' ^^^"^ a = Oj, 6 = 0. Then 
cr(7a-2,fe+2) = cr(7) and 5(7^-2,6+2) = ^(t) - 2. 

(iv) All at are equal to 2 or 1, p > 2 and in the cyclically reduced word 7 there exist i and j, 
i,i + 1 ^ j , such that Oj = Oj+i = Oj = 2. Then 

7 = a . . . a • • • • • • (^e(p) 

and we puta = a^+i = 2, 6 = 0. Then cr(7a-2,6+2) = cr(7), 5(70-2,6+2) = 5(7) and 

C^(7a-2,6+2) = d{j) - 2. 

(v) All at are equal to 1 or 2 and in the cyclically reduced word 7 there is no i such that 
tti = ai + 1 = 2. Then 7 is conjugated in B3 to a word with a smaller complication or to 
a word with the same complication but which satisfies (3) above. (We use the following 
equalities in B3: 

9 2 2 2 \ 

It excludes all possibilities of 7 with cr(7) > 6(7) or cr(7) = 6(7) and 5(7) > 2. 
Now we can use Lemma 13.301 exactly in the same way as in the proof of Theorem I3.29[ 

□ 

There is a reasonable hope that Lemma 13.301 can be used to show that many pairs of links 
(not necessarily closed 3-braids) cannot be distinguished by the invariant yielded by any Conway 
algebra (for example the closures of four string braids Ka = o-^'^CT3(Tia2<T3~^(Tia2cr3 and their 
mirror images; = 942 (in the Rolfsen notation [RoJ ) , K4 = II449 (in the Thistlethwaite 
notation [Thist-2j )). 

Problem 3.35. (a) Do there exist two links Li and L2 which have the same values of the 
Jones-Conway polynomial but are not algebraically equivalent (i.e. can be distinguished 
by some invariant yielded by a Conway algebra). 

(b) Do there exist two links which are not algebraically equivalent but which have the same 
value of the invariant yielded by any finite Conway algebra. 

(c) Let 7 = a^^^ a'^ . . . ai^*" a^*" iPi,qi,k > 0) be an alternating 3-braid with 6(7) = 0. 
Whether 7 is skein equivalent to its mirror image? 

There is known many algebraic properties of the Jones-Conway polynomial. They relate, 
mainly, special substitutions in polynomial with old invariants of links ( [Li-M-l| . [Li-M-2] . 
|Mur-lj ■ |Mo-2j ■ |F-Wj ) . Here we will state two elementary properties of the Jones-Conway 
polynomial which will be useful later. 

Lemma 3.36. {&) If L is a link of odd number of components then all monomials in the 
Jones- Conway polynomial PL{x,y) are of even degree. If L has an even number of com- 
ponents then these monomials are of odd degree. 
(b) For every link L, x + y — 1 divides Pl{x, y) — 1. In particular, -Pl(x, y) cannot be always 
equal to 0. 
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Proof. The conditions (a) and (b) hold easily for trivial links. Then it is enough to verify that if 
they hold for L_ and Lq (respectively, and Lq) then they hold for L-|- (respectively, L^). 

□ 

It is reasonable to try to generalize the Jones-Conway polynomial by considering the following 
equation instead of the equation 12.1.11 

(3.37) xwi + yw2 = wq — z. 

In fact it leads to 3- variable polynomial invariant of links but this polynomial does not distin- 
guish anything more than the original Jones-Conway polynomial (it was observed by the referee 
of |P-T-1] and later but independently by O.Ya. Viro [Vi]). Namely: 

Proposition 3.38. (a) The following A = {A,ai,a2, ■ ■ ■ ,\,*} is a Conway algebra. A = 
Z[x^,y^,z], ai = l,a2=x + y + z, ai = {x + yy~^ + z{z + yy^'^ + . . . + z{x + y) + z, 

We define \ and* as follows: W2\'Wo = wi, and wi*wq = W2 where xwi + yw2 = wq — z, 
Wi,W2,W3 G A. 

(b) The invariant of links WL{x,y, z) yielded by the Conway algebra A satisfies 

, . ^ n^ , ( WL{x,y,0) - 1 \ 
wl{x, y, z) = wl{x, y,\)) + z \ ■ , and 



X + y - I 
WL{x,y,0) = PL{x,y). 

Proof. (a) We check conditions C1-C7 of Conway algebra (compare Examples 12. 1.81 and 14. 5 



(b) ai = {x + yy ^ + z {^^-r^^^pYj ' ^° trivial links the equalities (from (b)) hold. Then, 
as usual, we can easily verify that if they hold for L_ and Lq (respectively and Lo) 
then they hold for L_|_ (respectively 

□ 

Remark 3.39. Each invariant of links can be used to build a better invariant which will be called 
weighted simplex of the invariant. Namely, if w is an invariant and L is a link of n components 
Li, . . . then we consider an n — 1 dimensional simplex A"^^ = (gi, . . . We associate 
with each face {qi^, . . . ,qi^) of A""-*^ the value wl', where L' = Li-^ U . . . U Lj^,. We say that 
two weighted simplicies are equivalent if there exists a bijection of their vertices which preserves 
weights of faces. Of course, the weighted simplex of an invariant of isotopy classes of oriented 
links is also an invariant of isotopy classes of oriented links. 

Example 3.40. (a) Two links shown in Figure [3TT] are skein equivalent but they can be dis- 
tinguished by weighted simplices of the global linking numbers (see Example 13. 5p . 

(b) The link (closed 3-braid) 7 (see Figure [3. 21 p where 

— 2 3 —2 
1 = O-2'^l ^2 

(82 in Rolfsen |Roj notation) is algebraically equivalent to its mirror image 7 (see Theorem 
I3.29P and has the same signature as 7. However, 7 and 7 can be distinguished by weighted 
simplices of the global linking numbers. 

(c) J. Birman [Bi-2) has found three-braids 

-2 3 -1 4 -2 4 -1 
11= (^l (^2^1 ^2^1 ^2(^1 ^2 

72 = c^r^<^2'^r^<^2^r^^20-r^^2 

which closures are algebraically equivalent and have the same signature but which can 
be distinguished by weighted simplices of the global linking numbers. 
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► 



Figure 3.21. 



Another method of distinguishing knots was analyzed by Morton and Short }Mo-Sj . They 
considered the Jones-Conway polynomial of (2, A;)-cables along knots (2 was chosen because 
of limited possibility of computers). They made many calculations and got very interesting 
experimental material. In particular, they found that using their method they were able to 
distinguish some Birman and Lozano-Morton examples (all which they tried) and the 942 knot 
from its mirror image. On the other hand, they were unable to distinguish the Conway knot 
and the Kinoshita-Teresaka knot. Other pairs of mutants were tried with similar result. The 
above finding of Morton and Short was the motivation for the author of the survey to prove the 
following theorem. 



Theorem 3.41. Consider the tangles (a) and (b) Let the diagram L' of a knot be any 
mutation along the tangle (a) or by a mutation along the tangle (b) such that it consists of a 
rotation of angle 180° about the central axis (perpendicular to the plane of the diagram). Then 
the (2, k)-cable along L is skein equivalent to the (2, k)-cable along L' for any k. 

For the proof, we refer to [P-2j . 

Despite the above theorem we still feel confident to propose the following conjecture. 

Conjecture 3.42. For any two non-isotopic prim^ knots there exist numbers p and q such that 
the (p, g)-cables along these knots can be distinguished by the Jones-Conway polynomial. 



It can be observed that in order to get a link invariant it is not necessary to have the operations 
I and * defined on the whole product A x A and relations C3-C5 need not be satisfied by all 
elements of A x A x A x A. We refer here results from |P-T-lj and |P-T-2j . 

Let us begin with the following definition: 

Definition 4.1. A partial Conway algebra .A is a quadruple {A, B^, B^, D), S| and B^, being 
subsets of ^ X A, and DoiAxAxAxA together with 0-argument operations ai, 02, . . ., and 
two 2-argument operations | and * defined on B^ and B^, respectively, satisfying conditions C1-C7 
whenever both sides of equations are defined and (a, b, c,d) £ D in case of relations C3-C5. 

We would like to construct invariants of links using such partial algebras. 

Definition 4.2. We say that a partial Conway algebra A = {A,B^,B^,D;ai,a2, ■ ■ ■ ,\,*) is 
geometrically sufficient iff the following two conditions are satisfied: 

(i) for every resolving tree of a link all the operations that are necessary to compute the root 
value are defined, 

^Added for e-print: it should be "simple". Already in the final version of |P-2) we proved that cables of Ki^K2, 
and Ki^ — K2, which can be different prime knots, have the same Jones-Conway polynomial. With the substitution 
of simple in place of prime, Conjecture 3.42 remains open. 





4. Partial Conway algebras 
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Figure 4.1. 

(ii) let pi and p2 be two crossings of a diagram L; consider the diagrams 

rPl,P2 rPl.P2 rPl,P2 „^J rPl,P2 

where = — sgn {pi) (sgn (pj) denotes the sign of the crossing pi in the original diagram 
L), and choose for them resolving trees Tp^^p^, ^pi,0) ^0,P2 5 ^"^^ ^o.Oi respectively. De- 
note the root values of these trees by Wp^^p^, Wp-^^fi, ifo,p2) ^-iid '"^0,0) respectively. Then 
{wp-^^^P2,Wp-^^fi,wo^P2,wofi) G D. (The condition (ii) means that the resolving trees of L 
from Figure ITT] give the same value at the root of the tree.) 

The proof of Theorem 12.1.21 can be used, without changes, in the case of a geometrically 
sufficient partial Conway algebra. 

Theorem 4.3. Let A be a geometrically sufficient partial Conway algebra. There exists a unique 
invariant w attaching to each skein equivalence class of links an element of A and satisfying the 
following conditions: 

(1) WT„ = On 

(2) WL+ = WL_\wLo 

(3) WL_ = WL+ * WL, 

The conditions C1-C7 in a partial Conway algebra are not totally independent of one another. 
We can prove, similarly as Lemma l2. 1.31 the following fact. 

Lemma 4.4. Let {A^ 5=,,, ai, 02, . . . , |, *) be a partial algebra, such that: 

(i) The property (i) of Definition \4-S\ is satisfied. 

(ii) The property (ii) of Definition \4-^ is satisfied for each pair of crossings of positive sign; 
i.e. the resolving trees of the diagram L (Figure \4.1\ ) gives the same value w at the roots 
if sgn pi = sgn p2 = +. 

(iii) The conditions CI, C6, and C7 are satisfied if both sides of the equations are defined. 

Define D to be the subset ofAxAxAxA for which the conditions C3-C5 are satisfied. Then 
A = {A, D, ai, 02, . . . , I, *) is a geometrically sufficient partial Conway algebra. 

Now we will describe three examples of geometrically sufficient partial Conway algebras and 
we will discuss the knot invariant s yielded by them. 

Let us start with the example which gives a strict generalization of the Jones-Conway polyno- 
mial. The idea is to use instead of the equations 12. 1.11 or 13. 371 the family of equations (it depends 
on the number of components of L+, L_, Lq which an equation is used). 

Example 4.5. The following partial algebra ^ is a geometrically sufficient partial Conway algebra. 
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A = N X Z[xf^,zi,x^^,Z2,x'^'^,Z3, . . . ,yf^,x'^'^,z'2\, 
= = {{{ni,wi),{n2,W2)) G A X A : |ni - n2| = 1} , 
D = AxAxAxA; ai = (1, 1), 02 = (2, xi + yi + zi), . . . , 

(n-l n-1 \ 

+ Un-l) + Zn-1 
i=l i=2 / 

where Vi = Xi^. To define the operations I and * consider the following system of equations: 

(1) xiwi + yiW2 = wo-zi 

(2) X2W1 + y2W2 =Wo- Z2 
(2') X2W1 + 2/21^2 = Wo - z'2 

(3) xswi + y3ri;2 = wo - Z3 
(3') XgWi + y3ti;2 = Wo - z'^ 



(i) Xjioi + yiu;2 = wo - Zi 
{i') x[wi + y•^«2 = wq - z'^ 



where y' = , x' = ^^£1 and z' are defined inductively to satisfy 

X1X2 V ^1/ V^i 

we define {n,w) = {ni,wi)\{n2,W2) (respectively, {n,w) = {ni,wi) * {112, W2)) as follows: 
n = ni and if ni = 712 — 1 then we use equation (n) to get it); namely XnW + y„ii;i = 1^2 — z„ 
(respectively, XnWi + y„u) = it;2 — Zn)- If ni = n2 + 1 then we use the equation (n') to get w, 
namely x'^w + y^wi = W2 — z',^ (respectively, x'^wi + y^u; = 11)2 — z'^). 

Now we will show that ^ is a geometrically sufficient partial Conway algebra. 

It is an easy task to check that the first coordinate of elements from A satisfies C1-C7 (compare 
Example l2.1.5p and to check the relations CI, C2, C6, and C7 so we will concentrate our attention 
on the relations C3, C4, and C5. 

It is convenient to use the following notation: w £ A then w = (|tt;|,-F^) and for 

wi\w2 = {\wi\,F^^)\{\w2\,Fi,.^) = {\w\,F^) = w 

to use the notation 

p ^ f ^i^iln if n = |tt;i| = |tt;2| - 1 

\ Fu,^\n' Fy,^ if n = \wi\ = \w2\ + 1. 

Similar notation we use for the operation *. 

In order to verify relations C3-C5 we have to consider three main cases: 

(1) \a\ = Id - 1 = |6| + 1 = n. 

Relations C3-C5 make sense iff \d\ = n. The relation C3 has the form: 

{Fa\n' Fh)\n{Fx\(^^+lY F — d) = {Fa\nFc)\n' [Fb\n-lFd) ■ 
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From this we get 



—, -, -fc r^b H r^a 

'''n+1 n+1 -^n-^n -^n-^n 

Z7 77 ^1 77 I y"?/n 77 
-f^d ; -Tfe -i^c H r-^a 



Therefore, 

(i) ^n—l^n — ^n^7i-|-i; 

(ii) 





Zn 


+ 










Zn-1 


z' 


+ 


Vn^n 




t' 





y'n+i _ y'n 



Un Un—l J 

(ill) — = , and 

, Zn UnZn ^n— 1 l/n^" 



When checking conditions C4 and C5 we get exactly the same conditions (i)"(iv). 

(2) \a\ = |6| - 1 = Id - 1 = n. 

(I) \d\ = n. 
The relation C3 has the following form: 

{Fa\nFb)\n{Fc\{n+lY Fd) = {Fa\nFc)\n{Fb\{n+l)' Fd) ■ 

We get after some calculations that it is equivalent to 

, N yn Vn+l 

(v) — = • 

The relations C4 and C5 reduce to the same condition, (v). 
(II) \d\=n + 2. 

Then the relations C3-C5 reduce to the condition (iii). 

(3) \a\ = |6| + 1 = |c| + 1 = n 

(I) \d\=n-2 
(II) \d\ = n. 

We get, after some computations, that the relations 3(1) and 3(11) follow from the conditions (iii) 
and (v). 

Conditions (i) - (v) are equivalent to the conditions on x[,yi,y[, and z'^ described in Example 
14.51 Therefore the partial algebra A from Example l4.5l satisfies the relations C1-C7. Furthermore, 
if L is a diagram and p — its crossing, then the number of components of Lo is always equal to 
the number of components of L plus or minus one, so the sets B^, B^, C A x A are sufficient to 
define the link invariant associated with A. 

Therefore ^ is a geometrically sufficient partial Conway algebra. It yields the invariant of 
links second coordinate of which is a polynomial in an infinite number of variables. 

Problem 4.6. (a) Do there exist two oriented links which have the same Jones-Conway poly- 
nomial but which can be distinguished by the polynomial of infinitely many variables'iij 
(b) Do there exist two oriented links which are algebraically equivalent (i.e. the value of the 
invariant yielded by any Conway algebra is the same for both links) but which can be 
distinguished by the polynomial of infinitely many variables? 

We were unable to solve the above problem, partially due to the lack of many candidates to be 
tested. In particular, the examples of Birman, which are algebraically equivalent but not skein 
equivalent, are not helpful. 



''Added for e-print: Adam Sikora proved in his Warsaw master degree thesis written under direction of 
P.Traczyk, that the answer to Problem 4.6 is negative. 
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Proposition 4.7. Consider a geometrically sufficient partial Conway algebra A such that D = 
A X A X A X A and and includes all pairs {u, v) such that the first letter of u is Ui and the 
first letter of v is Ojzpi (in particular the partial algebra of Example . 5| satisfies these conditions) 
then Lemma \3.30\ and Theorem \3. 29\ and \3.34\ are valid for A. 

Still the knots 942, IO71 (in the Rolfsen notation), II394 and II449 in the Thistlethwaite nota- 
tion) and their mirror images should be tested. 

The next example of a geometrically sufficient partial Conway algebra is related to the classical 
(Murasugi) signature of links. 

It was (more or less) shown by Conway jCo] (also Giller |Gij ) that the signature of knots is a 
skein equivalence invariant. We will show it in a more general context. Our approach is based 
on an observation that the Tristram-Levine signature is related to Conway polynomial in just 
the same way as classical signature to determinant invariant. One can hope for an analogous 
invariant (supersignature) related to the Jones-Conway polynomial. 

Definition 4.8. The following partial algebra Au,v will be called the supersignature algebra {u, 
V real numbers, u ■ v > 0): 

A= {RUiR) X {ZU 00) 
B\ = B^= {((ri, zi), (r2, Z2)) e Ax A : if / n e i?, then r2 S iR] 

and if 7^ ri G iR, then r2 S R\ if zi^Z2 / 00, then \zi — Z2\ = 1; 
Tj = if and only if Zi = 00} . 

I and * are defined as follows: 

The first coordinates ri, r2, tq of elements wi, W2, wq such that wi = W2\wo, W2 = wi* wq are 
related as in the case of the Jones-Conway polynomial by the equation 

(4.9) — uri + vr2 = ir^. 

In particular, the first coordinate of the result depends only on the first coordinates, so we 
write simply ri = r2|ro and r2 = ri * tq. The second coordinate of the result is defined by the 
equalities 

(1) i- = ^ifr/0, 

(2) \zi-Zo\ = l if ri / 0, ro / 0, i = 1, 2, 

(3) zi = Z2 if ro = 0, 

(4) z = 00 if r = 0. 

The 0-argument operations are defined as follows: oi = (1, 0), . . . , 

k-i ( —{k — 1) \iu <v \ 

A if n = t> , . . . . 

Ifc— 1 \i u > V I 

D is defined to be the subset oiAxAxAxA consisting of these elements for which the 
relations C3 - C5 are satisfied. 

We conjecture that Au,v is a geometrically sufficient partial Conway algebra. If it is so it 
defines an invariant second coordinate of which will be called the supersignature {cTu,v)- In fact 
the conjecture is true for u = v ^ (00, — ^] U 00) giving the Tristram-Levine signature. 

Theorem 4.10. Foru = u G (00, U 00), A u,v is a geometrically sufficient partial Conway 
algebra. 

Proof. Relations CI, C2, C6, and C7 follow immediately from definition. Concerning C3-C5, we 
will show that for links with non-zero value rL(u,u) the second coefficient zl - the supersignature 
- coincides with the Tristram-Levine signature (it is the classical signature for u = v = 
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ri (|,^) 7^ 0). It will follow that the relations C3~C5 are satisfied in geometrically realizable 
situations. 

To prove this let us recall the definition of Tristram-Levine signature [Trj , |Lej , |Goj . 

Let ^ be a Seifert matrix of a link L. For each complex number C ((^ ^ —1) consider the 
Hermitian matrix A{C) = (1 - C)A + (1 - C)^^- 

The signature of this matrix, ai^C), is called the Tristram-Levine signature of the link L. 

Assume that — = "i^jr^ (which means that 1 — C lies on the unit circle). Then det iA{() 
is equal to the Conway potential — C)) (using Kauffman notation |K-lj ) and therefore 

we have an equality 

(4.11) det iAL+ (C) + det iAi, {() = {2 - ( - C)i det {Al, {() 

where Al_^_, Al_, and A^^ are Seifert matrices of L_, and Lq respectively and |1 — C| = 1- 
To complete the proof of Theorem 14.101 we need the following lemma. 

Lemma 4.12. For \i — (\ = I we have 
MAiO) _ det iA{C) 



(a) i° 



if det AiO^O, 



\ det iA{C)\ 

(b) Wl+{C) -<^Lo(C)l = 1 (respectively, WlAO - (^lAO\ = ^) if detALAC) + and 
det^L_^(C) + (respectively det Al_(C) + Oj, 

(c) OL^{Q=oi^_{Q if det Ai^XQ + ^ and det ^l+(C), det yl^jC) / 0. 

Proof. To prove Lemma l4.12r a) let us diagonalize A{Q to get A'{(). The matrix ^^'(C) has ±1 
on the diagonal. Now, a{A{Q) = a{A'(Q) is the number of i's in iA'{() minus the number of 

— i's, while | jet^tA(c)| ~ |detiA'(c)| equal to the product of i's and — i's, which implies (a). To 
prove (b) and (c) let us recall the Seifert matrices of L-|_, L_, and Lq may be chosen to be 



A, 



f3 



a 



Au 



a 
Ai + 1 



and Al^ respectively, where a is a column, and S is a row |K-lj . Then we get 



a 



m 



AlAO 



—T 

a 



m+2-C-C 



where a = (1 — C)a + (1 — C)/?"^ and m = ((1 — C) + (l + C))/^- Now the properties (a) and (b) follow 
immediately: just diagonalize Al^{() first. Finally we have z{u,u) = a{C) for u = {2 — ( — (^)~^ 
and r{u, u) = det iA{C) 7^ 0. □ 

□ 

We were unable to extend Theorem 14. 101 for another u and v (however we are convinced that 
it is possible). The main obstacle is that the conditions C3-C5 are not always satisfied (but 
probably they are satisfied where needed). It is not difficult to find an example when C3-C5 are 
not satisfied even for the signature {u = v = 1/2) (see Example 4.10 of [P-lj ) . 

On the other hand the existence of this example follows from Proposition 14.71 because if the 
super signature algebra satisfies always the conditions C3-C5 then it satisfies the assumptions of 
Proposition 14.71 but it contradicts the fact that the signature distinguishes the Birman links. 

Lemma 4.13. The supersignature (Tu,v (if exists for a given u,v) satisfies the following condi- 
tions: 

(a) au,v{L) = -ay^u{L) 

(b) fT„,t,(Litt L2) = (Tu,v{Ll) +(Tu,v{L2) 
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(c) au,v(.Li U L2) = cJu,v{Li) + (Tu,v{L2) + e{u, v), where 

{1 if u > V 
00 if u = V 
— 1 if u < V 

(d) au,v{L+) < au,viL-) if au,v{L^) / 00 and u,v > 0. 

Proof. In (a), (b), and (d) we use the standard induction on the number of crossings in a diagram 
of a hnk and on the number of bad crossings (for some choice of base points). In the proof of (a) 
we use additionally Lemma |3. 151 which gives us the formula 



, . , \ r-r(v,u) if L has an odd number of components 

4.14 rLiu,v) =rj-{-v,-u) = < ^ \ -f r u u f ^ 

^ ' \ / / 1^ II nas an even number of components. 

To prove (b) we use Corollary 13.201 which gives us the formula 

riii L2{u,v) = rL^{u,v) • rL2{u,v). 

(c) follows from (b) if one observes that Li U L2 can be obtained as a connected sum of Lijj T2 
and L2, where T2 is a trivial link of two components (Figure [4. 2 p and that e{u,v) = (Tu,v{T2)- 

□ 



Figure 4.2. (Lift T2)t! L2 = Li U L2 



The supersignature, if it exists, is a stronger link invariant than the signature or the Tristram- 
Levine signature. 

Example 4.15. The slice knots 83 and Sg (Figure [3. 9p can be distinguished using the supersigna- 
ture au,v foi" some u and v however for u = v the supersignature of both knots is always equal 
to 0. 

To see this, we find first that 

rgg = -uv~'^ + 2 + + n~^u - 2u'^v~^ - u~'^v^ - 2u"^ + u^^u"^ + u'^v + u'^v^^. 
It follows from the above formula that 

r8g(M, n) > 0, so asg{u,u) = 0( mod 4) 
rsg{u,2u) < for n >> 0, so cr„^2u(88) = 2( mod 4), for u » 
rsg{2u,u) > for n >> 0, so cr2u,u{88) = 0( mod 4), for u >> 0. 

Therefore, by Lemma [4. 13( a). (Ju,2u{88) 7^ Cu,2u(88) for u >> 0. The equality <Tu,n(88) = 
follows for u G (—00, — |] U 00) from the fact that au^u is the Tristram-Levine signature and 
88 is a slice knot. Generally the equality (Tu^u (88) =0 follows by considering properly chosen Lo 
(for L = 88); compare Example 13.111 

We refer to |P-1] for detailed analysis of cr„^^ (88). 
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Corollary 4.16. Assume that for a given pair u,v the supersignature a^^v exists and that for 
a given L, au,v{L) 7^ 00. Then the minimal height of a resolving tree of L is not less than 

^ "'"^ — ^ — eL where 
2 

if u = V 



e{L) 



n{L) — 1 if u ^ V 



where n{L) denotes the number of components of L. 

Proof. It follows from the definition of the supersignature (by using induction on the minimal 
height of a resolving tree of a link). □ 

Remark 4.17. The signature (and the Tristram-Levine signature) is a good tool for studying the 
unknotting number {u[L)) of knots and links. Namely u{L) > -l^^^. We hope for similar formula 
for any supersignature because |cTu^t,(L_|_)Oo"„^t,(L_)| < 2. Unfortunately the last inequality holds 
only if rL+{u,v), rL_{u,v) / (i.e. au,viL+), cru,viL.) / 00). So the problem is to put for 
au, v{L) different value than 00 (in the case ri(w, v) = 0). One possible solution uses the fact that 
the Jones-Conway polynomial (and also rL{u,v)) is not identically equal to (Lemma 13. 36l fb)). 
Namely if rL{uQ,VQ) = then for each neighborhood of uo,vq, r^u,v) is different than almost 
everywhere. Now we put for (Tl(uo,'Uo) the "average" value of (Tl{u,v) from the neighborhood. 
Of course this idea is far from being complete. In particular the meaning of the "average" should 
be made more precise. 



Conjecture 4.18. Assume that for a given u,v,L : au,v{L) 7^ co. Then 

n(L) > < 



\iyu,v{L) — (Tu,v{Tn,)\ \{ 11 y 



if w 

T„ denotes the trivial link of n components. 

Consider the equation which defines the Jones polynomial 



-tVL^it) + -VL.{t) = (yit) - i=) VUt). 



(4.19) - w^Vl+{w) + —VL_{w) = i[w+-] VlAw). 



If we substitute \/t = —iw then we get the equation 

-KvL^iw) = i\ w+ — 

This equation can be used, for if G M — {0}, to define the supersignature associated with the 
Jones polynomial: 

CTw{L) = au,v{L), where u 



w + - w"^ w + - 

w w 



In particular we get the classical signature for vu = 1 {Vl{w) 7^ 0)11 

Now we can generalize into cTw[L) the classical result of Murasugi |Mu-4| . 

Theorem 4.20. Assume that for a given w, exists. Then (Jyj{L) + lk{L) does not depend on 
the orientation of L. 

Proof. To prove the theorem, the following lemma is needed. 



^T. Przytycka has recently shown that the supersignature does not always exist. In particular it does not exist 
if It = 2u > 2. However the existence of the supersignature associated with the Jones polynomial is the open 
problem. 
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Lemma 4.21 (Reversing result). Suppose that a component Li of an oriented link L has a linking 
number X with the union of the other components. Let L' be L with the direction of Li reversed. 
Then aw{L') = a^iL) + 2A. 

The theorem follows from the lemma because the equality 

a^{L) + lk{L) = a^iL') + lk{L') 

is equivalent to 

a^{L') = ay,{L) + lk{L) - lk{L') and lk{L) - lk{L') = 2A. 

To prove Lemma 14.211 we need the Jones reversing result (Vl'('"^) — {~^)^WVl{w)) or rather 
the Lickorish-Millett method of its proof (see Lemma l5.15p . 

We refer to |P-1] for details. □ 

One can try to construct a more general supersignature modeled on the polynomial in an 
infinitely many variables (with Zi = z[ = Q). We didn't try to pursue this concept any further. 
The next example describes a universal geometrically sufficient partial Conway algebra. 

Example 4.22. Skein equivalence classes of oriented links form a geometrically sufficient partial 
Conway algebra Au- On is a skein equivalence class of a trivial link of n components. The 
operation | (respectively, *) is defined on a pair of classes of links if they have representatives of 
the form L_ and Lq (respectively L+ and Lq). The result is the class of -L+ (respectively L_). 
The definition of the skein equivalence is chosen in such a way that the conditions C1-C7 are 
satisfied when needed. Notice that Au is the universal geometrically sufficient partial Conway 
algebra, that is, for any geometrically sufficient partial Conway algebra A, there is a unique 
homomorphism Au A. 
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5. Kauffman approach 

It is the natural question whether the three diagrams L+ , L_ , and Lo which have been used to 
build Conway type invariants could be replaced by another diagram. On the edge of December 
1984 and January 1985, K. Nowinski has suggested consideration of the fourth diagram obtained 
by smoothing in the way which does not agree with the orientation of (Figure 15. ip but 
we didn't make any effort to get an invariant of links. 




Figure 5.1. 

At the early spring of 1985, R. Brandt, W.B.R. Lickorish and K.C. Millett |B-L-Mj and 
independently C.F. Ho [Ho] have proven that if one considers non-oriented links then four non- 
oriented diagrams from Figure 15.21 (of course we do not distinguish L_|_ from L_ and Lq from 
Loo) can lead to the construction of a new invariant of isotopy of non-orientable links. 




^00 



Figure 5.2. 



Theorem 5.1. There exists a uniquely determined invariant Q which attaches an element of 
Z[x^^] to every isotopy class of unoriented links and satisfies the following conditions: 

(1) Qti {x) = 1 where Ti is a trivial knot, 

(2) Ql+{x) + Ql.{x) = x{Ql„{x) + Ql^{x)) where L+, L_, Lo, and L^o are diagrams of 
links which are identical, except near one crossing point, where they look like on Figure 

El 

The proof of Theorem I5.]IF1 is very similar to that of Theorem 12.1.21 (compare |B-L-Mj ) . We 
will show it later in more general context. 

The polynomial Ql{x) shares many properties analogous to that of Jones-Conway {PL{x,y)). 
In particular we have: 

Proposition 5.2. (a) Ql^^ l^{x) = Ql^x) ■ Qiiix) 

(b) QliVAL2{x) = fJ-QLiix) • QiaC^) where fi = 2x~^ — 1 is the value of the invariant for a 
trivial link of 2 components. 

(c) Ql{x) = Qj^{x) where L is the mirror image of L 

(d) Ql{x) = Qm{L){x) where m{L) is a mutant of L. 

Proof is easy and we omit it. 

The polynomial Ql{x) can sometimes distinguish knots which are skein equivalent. 

Proposition 5.3. The knots Sg, IO129, and 136714 have different Ql{x) polynomials however 
they are skein equivalent. 

Proof. Just perform the calculations and use Example 13.111 □ 

'''in the original, the Theorem was referenced as Theorem 5.2 
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Now we will describe the Kauffman approach which allows in particular to generalize the 
Ql{x) polynomial to polynomial which often distinguishes a link from its mirror image. The 
Kauffman approach to invariants of links bases on the idea of considering diagrams up to the 
relation which does not use the first Reidemeister move. In this way we will not get an invariant 
of a link but often after some correction an invariant of links can be achieved. 

Definition 5.4. Two diagrams are regularly isotopic iff one can be obtained from the other by 
a sequence of Reidemeister moves of type or ^. This definition makes sense for orientable 
and non-orientable diagrams as well. 

Working with regular isotopy we are able to take into account some properties of a diagram 
which are eliminated by the Reidemeister of the first type. 

Lemma 5.5. Let tw(L) = ^jPi where the sum is taken over all the crossings of L (we call it 
twist or writhe number). Then tw(L) is an invariant of the regular isotopy of diagrams, and 
tw(— L) = tw(L). 

Proof. The Reidemeister move of the second type creates or kills two crossings of the opposite 
signs, and the move of the third type does not change the signs of crossings. Furthermore, the 
change of L to —L does not change the signs of crossings. □ 

Now the idea of Kauffman uses the fact that the trivial knot (up to isotopy) has many repre- 
sentants in the regular isotopy category. Therefore each of these representants can have different 
value of an invariant. Kauffman associates with a diagram Ti representing a trivial knot the 
monomial a*™^^^^ Then the Kauffman definition of invariants reminds that of Conway, Jones, 
PL{x,y), or Q{x). When one wants to go from invariants of regular isotopy to invariants of 
isotopy, the following lemma is useful. 

Lemma 5.6. Consider the following elementary move on a diagram of a link (denoted ^ and 
called the weakened first Reidemeister move); i.e. the move which allows us to create or to kill 
the pair of curls of the opposite signs (Fiaure \5.3\) . Observe that the sign of the crossing in the 
curl does not depend on the orientation of a diagram. 



) 



%.5 



Figure 5.3. 




Then we can obtain the diagram Li from L2 by regular isotopy and fig 5 moves iff tw{Li) = 
tw(L2) and Li is isotopic to L2. 

Proof. It becomes clear if one observes that the move ^^l, allows us to carry a curl to any place 
in the diagram. □ 

Now we will show how, using the Kauffman approach, the Conway polynomial can be general- 
ized into Jones-Conway polynomial and Ql{x) into polynomial which we will call the Kauffman 
polynomial. 

Theorem 5.7 ( |K-4j ) . (a) There exists a uniquely determined invariant of regular isotopy 
of oriented diagrams (Riia, z) G Zila"^^ , z^^]) which satisfies the following conditions: 
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(1) RTi{a,z) = a^^^'^^\ where Ti is isotopic to the trivial knot, 

(2) Rl+ (a, z) - Rl_ (a, z) = zRl, (a, z) 

(b) Let us define for a given diagram L: Gl{o.,z) = a~^^^^'^ R^^a, z) then GL{a,z) is an 
invariant of isotopy of oriented links, equivalent to the Jones-Conway polynomial; i.e. 
Giia^z) = PL{x,y) for x = ^ and y = 

Proof. The method of proof of Theorem 12.1.21 can be used, but because we have already proven 
the existence of the Jones-Conway polynomial so we use it instead. If we substitute in Pl{x, y), 
x = |,y = — ^we will get the polynomial invariant of isotopy classes of oriented links, GL{a, z) 
which satisfies: 

(1) %(a,z) = l 

(2) aGL+ {a, z) - \Gl_ {a, z) = aGi, {a, z). 

Now let us define Rl^cl, z) = a^^^^^Giia, z) for an oriented diagram L. 

It is easy to see that the first Reidemeister move changes the value of Rl{<^-, z) depending on 
the sign of the curl as follows: 

Ry-r^-] (a, z) = aRy-y-^ (a, z) 
R[-^]{a,z) = a-'^R[-^]{a,z). 

The second and the third type of Reidemeister moves do not change RL{a,z). Therefore 
Rl{(i,z) is an invariant of regular isotopy and it satisfies RTi{a,z) = a*™^"^^^. Now we should 
only check that RL{a, z) satisfies the equality (2) from Theorem 15.71 

But from the equality (2) of the proof we get 

a^L, (a,z)a-*"(^+) - i^L_ (a, z)a-*^(^-) = zRiJa, z)a-^'"^^°^ 
a 

and it reduces to 

Rl+ (a, z) - Rl_ (a, z) = zRl^ (a, z). 
Because every diagram possesses a resolving tree so polynomial RL{a,z) if exists, is unique, 
therefore we can put Riia^z) = RL{a,z) and GL{a,z) = GL{a,z) which completes the proof of 
Theorem 15.71 □ 

Theorem 5.8. 

(a) There exists a uniquely determined invariant L, which attaches an element ofl^a^^^ z^^\ 
to every regular isotopy class of oriented diagrams and satisfies the following conditions: 

(1) LT,(a,z) = aMri) 

(2) LL+{a,z) + LL_{a,z) = z{LL,{a,z) +LL^{a,z)). 

(b) Let us define for a given diagram D, F£){a,z) = a—tw{D)Lj:){a,z). Then Fo{a,z) is an 
invariant of isotopy classes of oriented links and it generalizes the polynomial Q (Ql{x) = 
Fl{1,x)). 

Proof. Part (a) will be proved later in more general context. Part (b) follows from (a) if we 
notice that the first Reidemeister move changes FL{a,z) as follows: 

L[-^-](a, = aL[-^](a, 2:)and 
L[-^]{a,z) = a-^L[-^]{a,z). 

□ 

The polynomial FL{a, z) is called the Kauffman polynomial. Now we will state some elemen- 
tary properties of the Kauffman polynomial. 
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Lemma 5.9. (a) Fl^ jj L2 («, z) = Fl^ (a, z) ■ Fl^ {a, z) 

(b) -FliuL2(^) z) = fiFL^{a, z) ■ FL^{a, z) where fj, = 1 is the value of the invariant of 

a trivial link of 2 components, 

(c) FL{a,z) = F_L{a,z), 

(d) Fj^{a,z)=FL{a-\z), 

(e) FL{a,z) = F^i^j^-j(a, z) where m{L) is a mutant of L. 

The proof is very similar to that for the Jones-Conway polynomial. 

The polynomial L(a, z) does not depend on an orientation of components of a diagram D. 
Therefore the Kauffman polynomial -F(a, z) depends on an orientation of components of D in a 
simple manner (because F£){a, z) differs from L£){a, z) only by a power of a). 

Lemma 5.10. Let D = {Di,D2, . . . , Di, . . . , Dn} be a diagram of an oriented link of n compo- 
nents and let D' = {Di,D2, ■ ■ ■ , —Di, . . . , Dn}- Let A = lk{Di, D — Di) = ^ sgn pj where the 
sum is taken over all crossings between Di and D — D^. Then Fd'^o, z) = a'^^Fj:i{a, z). 

Proof Ln'{a,z) = LD{a,z) so a*"(^')Fz5/(a, z) = a^""^^^ FD{a, z) therefore, 

FD>{a, z) = a*™(^)-t™(-^')FD(a, z) = a^^Foi^a, z). U 

We can comment on the lemma as follows: the Kauffman polynomial says about different 
orientations of D as much as linking numbers of its components. The Kauffman polynomial is 
much more useful for testing amphicheirality of links. We have however an example of a link 
of two components which is a mutant of its mirror image but is not isotopic (Figure 13. Th but 
Kauffman has conjectured that for knots such a case is impossible. 

Conjecture 5.11 ( |K-5j ). If the knot K is not isotopic to its mirror image {K or —K) then 
FK{a,z) / F-^(o,z). 

The knots 942 and IO71 (in the Rolfsen |Roj notation, see Figure [?7S|) contradict the conjecture, 
however weak version of the conjecture can still be true (see Problem 15.29( d) and Conjecture 

Problem 5.12. (a) Is it possible to distinguish 942 from 942 using any invariant yield by a Con- 
way algebra (942 and 942 are not skein equivalent because they have different signatures)? 
(Figure Em) 

(b) Is the knot IO71 skein equivalent to its mirror image? (Figure [5. 4[ ) 




Figure 5.4. 

The Kauffman polynomial is also the generalization of the Jones polynomial. 
Theorem 5.13 (lEEl]). Viit) = Fl {t^/\ - (t"!/^ + t^/^)) . 

Proof. First we will describe the Kauffman polynomial not using regular isotopy. 

Lemma 5.14. The Kauffman polynomial is uniquely determined by the following conditions: 
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(1) FTi(a,z) = 1 

(2) (i) for c{L^) < C(Lo) , where c{L) denotes the number of components: 

oFl^ (a, z) + -Fl_ (a, z) = z{Fl, (a, z) + o-^^Fl^ (a, z)) 
a 

where we give L^o one of the two possible orientations and A = lk(Lj,Lo, —Li) where 
Li is the component of Lq which orientation does not agree with the orientation of 
the corresponding component of Loo- 
(ii) forc{L+) > c(Lo) 

oFl^ (a, z) + -Fl_ (a, z) = z{Fl, (a, z) + a'^^+^Fi^ (a, z)) 
a 

where we give L^o one of the two possible orientations and A = \]i{Li,L^, —Li) where 
Li is the component of which orientation does not agree with orientation of the 
corresponding component of Loo- 

Proof. It follows from the definitions of FL{a,z) and from Lemma 15.101 We will show as an 
example how to get the formula (2)(ii). 
By definition we have 

Ll+ {a, z) + Ll_ (a, z) = z{Ll, (a, z) + Ll^ (a, z) 

therefore: 

a*-(^+)FiJa,z) +a*™(^-)FL_(a,z) = z(a*"(^°)Fi„ (a, z) + a*"^^-)^^^ (a, z)) 

so 

aFL^ (a, z) + -Fl^ (a, z) = z{Fl^ (a, z) + atw{L^)-tw{Lo)^ 
a 

what reduces to the formula (2)(ii). □ 

In the next part of the proof of Theorem 15.131 we need an additional characterization of the 
Jones polynomial. Remind that the Jones polynomial was uniquely defined by the following 
conditions: 

(1) VTAt) = i 



(2) -tVL4t) + ^VL_{t) 



1 



V~t-^^]VLAt). 



Lemma 5.15 (Jones). Suppose that a component Li of an oriented link L has linking number A 
with the union of the other components. 

Let L' be L with the direction of Li reversed. Then = i^'^yhi't)- 

Proof. We present the proof of Lickerish and Millett [Li-M-3] , another elementary proofs have 
been found by Morton and Kauffman. 
The proof is in five sections. 
(1) Lemma 15.151 is true for the two links of Figure [531 This is an easy computation. 





Figure 5.5. 
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(2) If the orientation of every component of L is reversed then Vhit) is unchanged. Further, 
yR tt = yK{t)yL{t) where K [J L is any connected sum of oriented hnks K and L, 
and also V^(i) = Vl(1/*)) where L is the mirror image of L. Thus if Lemma [5. 151 is true 
for K and L it is true for K and iov K L. 

(3) Consider the self-crossings of the component Lj in some presentation of L. Induction (as 
repeatedly used in section three of |Li-M-l] or in l2.1.2p on the number of these crossings 
and on the number of them that have to be switched to unknot Lj shows that Lj may be 
assumed to be unknotted. 

(4) Let the unknotted component Li bound a disc that meets the remained of L in n points. 
Proceed by induction on n. The start of the induction will be given in (5); for the moment 
assume that n > 4. Figure ISlBl depicts a skein triple in which Li is Lq. The disc bounded 
by Li is shown meeting the remained of L in n points shown as crosses. In L_, Lj has 
become two unlinked curves ^''^^ I2 that bound discs that meet the remainder of 
L_ with linking numbers Ai and A2 respectively. The situation of is exactly similar 
except that 7^*" and 7^ are linked as shown. 




Figure 5.6. 



Thus ni + 71-2 = n and Ai + A2 = A. Choose ni and n2 so that each is at most n — 2, 
(recall n > 4). Let L^, L'_, and L'„ be the same links but with the 7^, 7J and Lj all 
reversed. Then 

tyL^{t) - t-^yut) + (tV2 _ t^/^)VL^{t) = 

tVL'^it) - t~'yL>Jt) + (tV2 _ ti/2)y^, (t) = 0. 
But, by the induction on n, reversing 7^" and then 7^ gives 

t'^^H^^^VL_{t) = yL'_{t) 

and reversing and then 7^ gives 

It follows immediately that t^VL(i) = ^l'(*)- 

This argument extends a little further when n = 3. If A is also 3, choose ni = 1 and 
712 = 2, then the above argument holds if the theorem is known for n = 3 and A = 1 and 
for n < 2. Similarly when n = 3, X = —3. 
(5) Suppose that ?2 = 3 and A = ±1. It is required to show that whatever tangle is inserted 



into the room (the rectangle) of Figure 5 7(a) to give L, Lemma 15.151 holds true and 

t^VL{t) = yL'{t). 

However, the standard induction on the number of crossings in the room and on the 
number of bad crossings in the room for some choice of base points allows us to consider 
the room filled on Figure 5 |7(b)[ 
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(a) 



(b) 



Figure 5.7. 



Thus all that is required is to check that whichever of these pictures is inserted into the 
room to give L the theorem holds. This follows at once from (1) and (2). 

A simplified version of this proof works when n = 2. 

The case n = 1 is immediate from (1) and (2) and n = is trivial. 

This completes the proof of Lemma 15.151 □ 



We have remarked in Theorem 14.201 that Lemma 15.151 can be used to extend the result of 
Murasugi |Mu-4] of signature into supersignature related to the Jones polynomial. The next 
step to prove Theorem 15. 131 is so called Voo-^ovumla [Bi-3j . [Bi-4j . 

Lemma 5.16 (Birman). (i) c(L+) < c(Lo) where c{L) is the number of components of L. 
Let us give Lqo rne orientation (which agrees with that of if possible), and let A = 
lk(Lj,Lo — Lj) where Li is the component of Lq which orientation does not agree with the 
orientation of the corresponding component of L^o ■ Then 



VtVLjt) - ^VL.it) 



Vt-^ 



(ii) c(L+) < c(Lo) 

Let us give L^ one of the two possible orientations and let A — lk(Zyj, L^ — Li^, where 
Li is the component of L+ which orientation does not agree with the orientation of the 
corresponding component of L^o ■ Then 

Proof. We will follow Lickorish and Millett |Li-M-3j . 

(i) c(L+) < c{Lo) 

Consider the diagram X with 2 crossings p and q as on Figure 15.91 such that 

If we consider the crossing q we get: 
(a) -tVu(t) + \yx{t) = - VL_(t). 

Now let us change the orientation of the component of Lq which contains the upper 
right corner of the diagram (Figure IS.lOp . We get the link L'^ . We change similarly 

so it agrees with the orientation 



X into X' . Now let us choose the orientation of Lr, 
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Figure 5.10. 



of (Figure EIOl Loo = X^"^ = = X'f^). From the diagrams of Figure EIO] 

(considering the crossing q) one gets: 

-tVx'it) + -VL'^it) = - ^) ^L^it) 

and because of Lemma EH] ^^^(t) = t^^VL,{t) and Vx'{t) = t^^^-^'^Vxit), therefore 
we get: 

(b) -^Vx{t) + \VlM = 7t) t^'^^^L^it)- The triple L+, L_, and Lo gives us 
the equation 

(c) -tVL4t) + \VL_{t) = {t-\)VLAt). 

The equation (b)+ j(a) — j(c) gives us the Voo-formula 
(ii) c(L+) > c(Lo). 

Let L'j^ be the hnk obtained from L+, by changing the orientation of Lj. Sim- 
ilarly L'__ is get from L_. Now the smoothing of L'_^ is exactly L'^ = Loo- Let us 
use the defining equation for the Jones polynomial into the triple L'_, L^, L'^ we get: 

-tVi' it) + jVL'^{t) = [Vi-^^VL'^, now from Lemma [535] we get: -tVi'^it) = 

t^^Vi+it), Vi^it) = t^(^-^^VL_{t). Therefore 

(d) -^VL_{t)+'jVL4t)={Vi-j^)t~''VL^{t) 
what ends the proof of (ii) and of Lemma I5.16[ 

□ 

Now we are ready to finish the proof of Theorem l5.13[ We follow in this the paper of Lickorish 

[LEa. 

As usual we consider two cases: 
(i) c(L+) < c(Lo) 
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Consider the formula which defines the Jones polynomial and -formula. We get 
If we add this two formulas we get the formula (i) from Lemma 15.14( 2) for a = t^^'^, 

^ = _(t-l/4 + il/4), 

(ii) c(L+) > c(Lo) 

We proceed in the same manner as in the case (i) to get the formula (ii) from Lemma 

Eiii:2). 

It completes the proof of Theorem I5.13[ 

□ 

Kauffman [K-6 ] has found a nice characterization of the Jones polynomial which is of a great 
importance for alternating links |Mu-2j . |K-6j . [K-7j . |Mu-3] . 
This characterization follows easily from the Voo-formula. 

Corollary 5.17. Consider the polynomial invariant of the regular isotopy VL{t) = t4*^(^)v^(i). 
Then VL{t) is uniquely determined by the following conditions: 

(1) VT^{t) = t4*™(^i) where Ti is isotopic to the trivial knot, 

(2) VL^=-tWLAt)-t-WL^it), 

(3) VL^=-t--^VLM-t-^VL^{t). 

Proof. Vi^t) is by the definition of the invariant of unoriented diagrams {Vl is a special case of 
the Kauffman polynomial). To prove the corollary it is enough to show the properties (2) and 
(3). 

From the formula which defines the Jones polynomial and from Voo-formula one gets: 
-nVL4t) + t--^VLAt) = (^"7?) ^io(i), and 

Now one gets, eliminating VL_{t): 

-nvLjt) + t-lvLjt) = (Vt- ^) {ViVLAt) + VL^{t)), so 

Vl+ (t) (- + ^) = (^/t - ^) (t ^ Vl^ it) + t~ i Vl^ (t)) 

what is equivalent into the formula (2). 
Similarly, we get formula (3). 

□ 

Kauffman reformulated the condition (2) and (3) into the form 
(2') Vx(t) = -t^Vx {t)-t-^V)(_ (t) and 
(30 Vy^{t) = -t-iVx {t)-t-^Vn (t). 

This approach allowed Kauffman to give different proof of the Jones reversing result and the 
Birman V^-formula (K-6j . 

K. Murasuqi |Mu-2j . |Mu-3| (see also pC^ and ^Pf\ ) has used the ab ove Corollary to prove 
the classical Tait |Ta| conjecture about alternating links. Namely: A link projection L is called 
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proper if L does not contain "removable" double points like Xn . The reduced degree r-deg of 

n 

the polynomial w = a^t* (where a^, a-n / 0) is defined to be r-deg w = n = m. 

m 

Theorem 5.18. (a) If L is a connected and proper alternating projection of an alternating 
link L, then r-deg Vhit) = cr(L) where cr(L) denotes the number of crossings of L. 

(b) If L is a prime link, then for any non- alternating projection L of L, r-deg Viit) < cr(L)... 

(c) Two ( connected and proper alternating projections of an alternating link have the same 
number of crossings. 

For the proof we refer to |Mu-3j . 

We can introduce a relation on diagrams of links which naturally limits the possible use of the 
Kauffman method (similarly as skein equivalence is the limit for Conway type invariants). 

Definition 5.19. Consider the space S of partially oriented diagrams (i.e. some components of 
a diagram are oriented) up to regular isotopy. The Kauffman equivalence relation (~i^) is the 
smallest equivalence relation on S which satisfies the following condition: 

Let L'^ (respectively Lg) be a diagram of a link Li (respectively L2) with a given crossing pi 
(respectively P2) and 

(i) {L'lY^s^^ p-^ (-^2)-^sgn P2 ■^^^sre L^sgn p denotes the link obtained from L by inter- 
changing the bridge and the tunnel at p (it does not depend an orientation or lack of 
orientation of L) . 

(ii) {L'i)o^ (-^2)0^ (L'l)^^ (-^2)^^ where pi is a crossing of oriented components 
of L\ or pi is a self-crossing or some component of L\ ( in the case of a self-crossing no 
orientation is needed to distinguish {L[)o^ from {L[)^). 

(iii) {{L[)o^ , {L'l)^} = {(^2)0^, (^2)00} (equality of the pairs of Kauffman equivalence classes) 
if pi is a crossing of components of L'^ one of which is not oriented. 

Then Li L2. 

Corollary 5.20. (a) If the oriented diagram Li is a mutant of the oriented diagram L2 then 

(b) If Ll L2 (Ll, L2 oriented) then tw(Li) = tw(L2), PL-^{x,y) = PL^{x,y) and 
FL^{a,z) = FL^{a,z). 

Proof, (a) We can build the same resolving tree for Li and L2 (compare Lemma l3.7p . 

(b) It follows from the definition of and from the fact that twL+ = twLo-|-l = twL_-|-2. □ 

Now we will show how invariants of links got by the Kauffman method can be described by an 
algebraic structure (similarly as Conway algebra yielded invariants of Conway type) . We will also 
construct a polynomial invariant of oriented links which generalizes at once Jones-Conway and 
Kauffman polynomials (however it does not give more information than these two polynomials). 
We proceed similarly as in the case of the Conway algebra but we consider diagrams up to 
regular isotopy. There is no need to distinguish positive crossing from negative one so we work 
(in principle) with one 3-argument operation * which allows us to recover the value of invariant 
for (respectively L_) from its values for L_, Lo and L^o (respectively L^, Lq, Loo). 

However we have to solve one important problem: if we change L+ into Loo then new com- 
ponent of Loo does not have any natural orientation. One possibility is to consider partially 
oriented link Loo- We will not follow this way from practical reasons. Namely, we would like 
to use the same scheme of the proof as in Theorem 12.1.21 and to make it we need the equality 
Lfi^£2 = L'i2ei, ei, €2 G {+, — , o, 00} i.e. if we perform some surgeries on two crossings p and q the 
result should not depend on the order of performing these operations. If we consider partially 
oriented links it is not always the case (see Figure 15. lip . 
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no orientation 




Figure 5.11. 



Therefore we will limit ourself to the case of oriented and non-oriented links (i.e. all the 
components are oriented or no component is oriented). In the last case we do not distinguish Lq 
from Loo- 

Consider the following general situation. Assume we are given an abstract algebra A with 
two universal (sets) A and A', a countable number of 0- argument operations in A and A' : 
{aij}igNj£z, Wij}iefi,j&j two 3-argument operations * : AxAxA' — A and *' : A'xA'xA' — > A' 
and 1-argument operation (p : A ^ A' . We would like to construct invariants of classes of regular 
isotopy of oriented and non-oriented diagrams which satisfy the following conditions: 

(a) If L is an oriented link then the value of the invariant wl ^ A^ and if V is non-oriented 
then wl' G A' . 

(b) If L' is the non-oriented diagram obtained from an oriented diagram L by ignoring the 

orientation the wl' = (p{wl). 

(c) WTij = CLij where Tjj is an oriented diagram of the trivial link of i components and 

tw(r,,,)=i. 

(d) WTl . = d^y 

(e) wi^v = Wj^p * {w j^p , w j^p^) where L^^gn p denotes the diagram obtained from L by 
interchanging the bridge and tunnel at p. 

Definition 5.20. Wc say that A = {A,A',{aij},{a'^j},*,*',ip} is a Kauffman algebra if the 
following conditions are satisfied: 

Kl ip{aij) = a'ij 

K2 ip{a * {b,c)) = ip{a) *' {ip{b),c) where the operation * on (a, 6, c) is denoted by a * (6, c); 
similarly for the operation 

K3 ttij-i * (ai+ij,a-j) = a^j+i. 

K4 (a * (6, c)) * {d* (e, f),g *' {h, i)) = {a* {d,g)) * {b * [e, h),c *' (/, i)) where a,b,d,e e A 

and c, /, g,h,i € A' 
K5 (a * {b, c)) * (6, c) = a 
K6 a*' {b,c) = a*' (c,6). 

Theorem 5.21. For a given Kauffman algebra A there exists a uniquely determined invariant 
of regular isotopy w, which attaches an element wl from A to every oriented diagram L and an 
element wl' of A' to every non-oriented diagram L' and satisfies the following conditions: 

(2) u>Li = (p{wi) where L' is obtained from oriented diagram L by ignoring orientation. 

(3) WLP = WlP_^^^ ^ * {Wl^^,WlpJ. 
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Proof. The proof of Theorem 15.211 is very similar to that of Theorem 12.1.21 Therefore we will 
give details only in parts in which bigger differences occur. 

We can build a resolving tree for each diagram (oriented or not) in such a way that each vertex 
represents a diagram and 

(i) Descending diagrams lie in leaves (descending for some choice of base points and orien- 
tation in the case of a non-orientable diagram) 

(ii) The situation at each vertex (except leaves) looks like on Figure [5.121 



L 




Figure 5.12. 

Such a tree can be used to compute the invariant of the root diagram. 
We start the proof of Theorem 15.211 by constructing the function w on diagrams and then 
show that it is not changed by the Reidemeister moves n^l, and n"^^. We use induction 

on the number cr(L) of crossings points in the diagram. For each A; > we define a function Wk 
assigning an element of A (respectively A') to each oriented (respectively non-oriented) diagram 
with no more than k crossings. Then w will be defined for every diagram by wl = Wk{L) where 
k > cr(L). Similarly as in the proof of Theorem 12.1.21 we define wq{L) = Onfi if L is a trivial 
oriented diagram of n components, and wq(L') = q if L' is obtained from L by ignoring the 
orientation. Then we formulate the Main Inductive Hypothesis (M.I.H.): We assume that we 
have already defined Wk attaching an element of A (respectively A') to each diagram L for which 
cr(L) < k and that Wk has the following properties: 

5.22 Wk{Un,j) = flnj', where Un,j is an oriented descending (for some choice of base points) 
diagram of n components and CT{Unj) < k, iw{Unj) = j 

Wk{U^j) = a'^j where U^j is obtained from Unj by ignoring the orientation. 

5.23 Wk{L) = Wk{L-^sgn p) * {'Wk{I-'o),Wk{L-^)) if L is an orientable diagram, and 

Wk{L) = Wk[LF_sgn p) *' {'^k[L^)^Wk[L^)) if L is a non-orientable diagram. 

5.24 Wk{L) = Wk{R{L)) where i? is a Reidemeister move of type ^qI, ^2^' °^ ^^^^ 
cr(L),cr(i?(L)) < /c. 

Then we want to make the Main Inductive Step (M.I.S.) in order to obtain the existence of 
a function Wk+i with analogous properties defined on diagrams with at most k + 1 crossings. It 
will complete the proof of Theorem 15.211 analogously as in the case of Theorem 12.1.21 

The proof of M.I.S. begins, as in Theorem 12. 1.21 by defining a function Wf, which, for diagrams 
with cr(L) = k + 1, depends on the choice of base points b = (61, ... , bn) and on the choice of the 
orientation of L in the case L was non-oriented. Wh{L) = Wk{L) if cr(L) < k. For cr(L) = k + 1, 
we define w^, by induction on the number of bad crossings {b{L)) of the diagram L using condition 
5.1 or the formula 5.2 to the first bad crossing. The we show that formula 5.2 holds for every 
crossing. The proof in this point does not differ from the analogous point in the proof of Theorem 
12.1.21 (K4 is used instead of the conditions C3-C5). 

The next step of the proof is to show, that does not depend on the choice of b (for a 
given orientation and order of components). We proceed as in 12.1.21 choosing base points b and 
b' = {bi,b2, ■ ■ ■ ,b'-, . . . , bn) in such a way that b'- lies after bi in the ith component Lj of L and 
there is exactly one crossing point between bi ad b'^. 

We use induction on B(L) = max(6(L), b'{L)). If B{L) = then L is descending with respect 
to both choices of base points, therefore wi,{L) = Wb'{L) = a„^tw(L)- 

If B{L) > 1 or B{L) = 
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b{L) = h'{L) = 1 then L has a bad crossing with respect to b and h' . We use then the inductive 
hypothesis resolving the diagram along this crossing (i.e. using condition 5.2). It remains to 
consider the case B{L) = 1, b{L) ^ b{L'). The proof in this case is little more involved than in 
analogous place of 12.1. 2[ Namely: 

Let p be the only bad crossing of L with respect to 6 or 6'. p is a self-crossing of a component 
Li C L. 

Assume, for simplicity, that L is oriented and b{L) = 1, b'{L) = 0, sgn p = +. Therefore L is 
a descending diagram with respect to b' and 

Wb'iL) = a„^tw(L)- 

From the property 5.2, 

b{V_) = 0, so Wb{L^_) = a„^tw(L)-2- 

Lo is a descending diagram with respect to a proper choice of base points therefore Wh{Lo) = 
On+i,tw(L)-i- We need the equality Wh^L^) = cL'ntv/{L)-i order to use K3 and to get wi,{L) = 
a„ tw(L)- We cannot get it immediately. In fact L^o does not need to be a descending diagram 
with respect to any choice of base points. We can use however the fact that has only k 
crossings. Furthermore consists of two parts one is descending and the second ascending 
(with respect to proper choice of base points and orientation) and these parts may be put on 
different levels (Figure [5T3]). In order to show that Wb{L^) = a'^ tw(L)-i ^^^^ following 
trick: 




Figure 5.13. 

Rotate the ascending part of the diagram 180° with respect to the vertical (N-S) axis 
and then change the orientation of this part of (we make some kind of mutation). We get 
the descending diagram L. Therefore Wb{L) = Wk{L) = fl^tw(L)-i' other hand, we can 

build for and L the same resolving tree, each vertex of which corresponds to a diagram 
with no more than k crossings (analogy with mutation is complete). Now we conclude that 
Wb{L^) = Wk{L^) = Wk{L) = o!ntw{L)-i- ^his completes the proof of this part (compare 
|B-L-Mj ). 

The rest of the proof of Theorem l5.21l is almost the repetition of the analogous part of the proof 
of Theorem 12.1.21 We change Reidemeister move 

QjFi by . Then the Lemma [MH] remains 
valid and it can be additionally used to show that Wb{L) does not depend on the orientation of 
L (if L is not oriented) . Thus we can complete the proof of Theorem 15.211 
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Example 5.25 (Jones-Conway-Kauffman polynomial). The following ^ is a Kauffman algebra. 

A = Z[a^\t^\a], A' = Z[a^\t'^\ 

(^)-' 

b * (c, d) is defined by the equation b * (c, d) + b = tc + zd, b *' (c, d) is defined by the equation 
b *' (c, d) + b = tc + td and finally is defined on generators by 93(a) = a, Lp[t) = t, f{z) = t. 

We will check now that ^ is a Kauff'man algebra. The conditions Kl, K2, K5, and K6 follow 
immediately from the definition of A. 

The condition K3 follows from the equality 

{^y~\ (1 - f) a^+i + f - 1)^"' a^+i+ 

+ (^)^'' (1 - f ) + f - 1) ""' = 

= i ((^)^ (1 - f) + f - - 

It remains to show the condition K4: 

(a * (6, c)) * {d * (e, /), 5 *' {h, i)) = -{a* {b, c)) + t{d * (e, /)) + z{g * {h, i)) = 
= -{-a + tb + zc) + t{-d + te + zf) + z{-g + th + ti) = 
= a — tb — zc — td + t^e + tzf — zg + zth + zti = 
= (a * (d, g)) *{b* (e, h),c*' (/, i)). 

The invariant of regular isotopy of oriented diagrams, JL{a,t,z), yielded by the algebra A is 
called the Jones-Conway-Kauffman (or JCK) polynomial. It can be modified into invariant of 
oriented links: 

JL{a,t,z) = JL{a,t,z)a-'<^\ 

Example 5.26. We will compute the value of the Jones-Conway-Kauffman polynomial for the 
diagram of the right handed trefoil knot (Figure l5.14p . We get, using the resolving tree from 
Figure Em that in any Kauffman algebra wl = ai,i * (aii,a'^ -1)0^1 -2)- 




Figure 5.14. 
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Therefore we get 

JL{a, t,z,) = -a + t (^- "+"~'~'' +ta + za~'^^ + za'"^ = 
= -a~^ - 2a + t'^a + z{l + a"^ + ta~^), and 

JL(a, t, z) = -a~^ - 2a'^ + t^a'"^ + z{a~^ + + ta~^). 

Lemma 5.27. (a) JL{a,t,z) = Jj:(a, t, 0) + z 

(b) JL{ci,t,0) = P{j,-^), it is some variant of the Jones-Conway polynomial. 

(c) Ji{a,t,t) = GL{a,t), it is KauJJman polynomial for regular isotopy. 

Proof, (a) It is true for diagrams representing trivial links. Then we proceed by induction on the 
height of the resolving tree of the diagram. 

(b) and (c). It is enough to check the initial conditions and compare the 2- or 3-argument 
operations used in the definitions. 

Lemma 5.27 shows that the Jones-Conway-Kauffman polynomial is equivalent to Jones-Conway 
and Kauffman polynomials. There is a remarkable similarity in it with Proposition 3.38. It follows 
immediately that any invariant yielded by a Kauffman algebra (e.g. Jones-Conway-Kauffman 
polynomial) is an invariant of equivalence of oriented or non-oriented diagrams. □ 

Remark 5.28. The theory of invariants yielded by Kauffman algebras can be developed similarly 
as the theory of invariants yielded by Conway algebras. In particular: 

(a) One can look for involutions r on A and r' on A' such that T{aij) = a-i-j, ip{t{w)) = 
T'{ip{w)) where w ^ A, T{a * (6, c)) = T(a) * (t(6), r'(c)). Then A-j^ = t{Al) where Al 
is the value of the invariant for an oriented diagram L and L denotes the mirror image 
of L (compare Lemma l3.16p . For the Kauffman algebra which yields the Jones-Conway- 
Kauffman polynomial r : Z[a,f,2;] — > Z[a,f,z] exists and is given on the generators by 
r(a) = a"-*-, r(t) = t, t{z) = z. 

(b) It is possible to build the universal Kauffman algebra (using terms) and to show that for 
such the universal Kauffman algebra the involutions r and r' exist. 

(c) It is sensible to look for an operation a: A^AxA'^A which for orientable diagrams 
will recover the value of the invariant for Lq from its values for L_, and Loo- The 
operation o exists for the Kauffman algebra which yields the [J-C-K] polynomial. 

(d) One can look for conditions which a Kauffman algebra should satisfy if we want simple 
formulas for the value of invariants of connected and disjoint sums of diagrams. 

(e) One can look for conditions which a Kauffman algebra should satisfy if we want to 
modify the invariant of regular isotopy of diagrams yielded by the algebra into invariant 
of isotopy of links (e.g. if there exist two bijections [5 : A ^ A and [3' : A' ^ A' such 
that f3{aij) = ajj-i, <f{P{a)) = I3'{^{a)) and /3(a * (6,c)) = /3(a) * (/3(6), /3(c)) then 
/3(/3(. . . I3{Al) . . .)) (where /3 is applied tw(L)-times) is an invariant of isotopy of L). 

(f) We can consider geometrically sufficient partial Kauffman algebras (we modify Kauffman 
algebras in the same way as Conway algebras - Definition 14. 2p which will yield regular 
isotopy invariants of oriented or nonoriented diagrams. 

(g) We can build a polynomial of infinitely many variables which will generalize the J-C-K 
polynomial (similarly as in the case of Jones-Conway polynomial; Example 14. 5p . 

(h) One can show that the invariant yielded by a geometrically sufficient partial Kauffman 
algebra is invariant under mutation of oriented or non-oriented diagrams (see Corollary 
[OOD . 

Many of which we formulated before for invariants of Conway type may be considered also for 
invariants got by the Kauffman method. 



61 



Problem 5.29. (a) Do there exist two oriented diagrams, which have the same Jones-Conway- 
KaufFman polynomial but which can be distinguished by some invariant yielded by a 
KaufFman algebra? 

(b) Do there exist two oriented diagrams which have the same value of invariant yielded by 
any KaufFman algebra but which can be distinguished by some invariant yielded by a 
geometrically sufficient partial Kauffman algebra? 

(c) Do there exist two oriented diagrams which are not equivalent but which cannot be 
distinguished by the invariant yielded by any geometrically sufficient partial Kauffman 
algebra? 

(d) Assume that an oriented diagram of a knot L satisfies L L. Does it follow that L is 
isotopic to L ov —LI 

(e) Assume that oriented knots Li and L2 have the same value of the Kauffman polynomial. 
Can it happen that these knots have different Jones-Conway polynomials? (In particular 
is it possible if L2 = Li?) 

The knot 942 (in the Rolfsen [Ro] notation) ha the same value of the JCK polynomial J{a, t, z) 
as its mirror image but different signature. The signature of knots is a skein invariant and it can 
be yielded (together with the determinant) by some geometrically sufficient partial Kauffman 
algebra. 

The problem (d) is a weak version of the Kauffman conjecture (jS.lip . It is true for knots up 
to 9 crossings and the only knots up to 11 crossings for which it still should be verified are IO71 
(in the Rolfsen notation) and II449 (in the Thistlethwaite |Thist-2] notation). The second part 
of the problem (e) is true for knots up to 11 crossings. 

The Kauffman polynomial seems to be powerful in distinguishing closed 3-braids. 

Conjecture 5.30. Let 7 be a closed 3-braid which closure is not isotopic to the mirror image. The 

J^{a,t,z) / J^{a,t,z). 

Problem 5.31. When we have defined invariants of diagrams using Kauffman algebras or we have 
defined the relation we have had the problem with orientation of Lf^. New component of 
inherits from L two different orientations on its pieces (Figure I5.15P 




Figure 5.15. 

It seems to be the reasonable idea to consider diagrams each component of which can have 
different orientations (i.e. each components is divided into arcs and every arc is oriented). The 
author tried a polynomial invariant and his computations show that the problem is difficult but 
hopefully not impossible to solve (we suggest to consider the simple diagram from Figure 15.161 
and to build a resolving tree starting at first from p and then starting from q. 

Table (made by T. Przytycka) 

The following table gives a braid expression, the value of the Jones-Conway-Kauffman poly- 
nomial {JK{a,t, z)) and the value of the supersignatures c7o.5,o.5) f2,2) ci.6,o.i) and o-q. 1,1.6 for 
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Figure 5.16. 

some knots which were considered in the survey. For knots up to 10 crossings the Rolfsen j Roj 
notation is used, for knots with 11 or more crossings we use the notation of Thistlethwaite 
|Thist-2] or Perko [Pej (for the meaning of Ka see the remark before Problem 3.35). cTo.5,0.5 is 
the classical (Murasugi) signature, cj2,2 is a Tristram-Levine signature and cJi. 6,0.1 and ctq. 1,1.6 are 
supersignatures associated with the Jones polynomial. 

Sg o-fo-i 0-^^0-7 ^0-2^^3'^ -a-'^-a-'^+2+a?+t^{a-'^+2a-'^-2-a?)+t'^(-a-'^+l)+ 
+z(2a-^+3a-3+a-i-a-a^+t(3a""'+3a"2+l-a2)+t2(-3a"5_5„-3_.3^-i_l_^3)^ 

+t^{-6a-'^-Sa-'^-2-\-2o?)+t'^(a-"^a-^+2a})+t^(2a-^+Aa-'^+2)+t^{a-^+a-^)), 
0,0,0,0. 

IO129 o"iO-2<^i'^3'^'^2'^<^3'^i'^2'^ -a-*-a-2+2+a2+t2(a-*+2a-2-2-a2)+ 
+t-4(-a~2+l)+z(a-5-a-3_5a-i-5a-2a3+t(2a-*-2-2a-2)+f2(_3(j-5^ 

+4a-2+15a-l+9a+a^)+t^(-6a"*+a"2+7+2a2)+t-*(a""'-6a-3-lla-l-4a)+ 

{2a-^ -a-'^ ~A)+t'^ {2a-^?,a-^ +a)+f (a-'^ +1)); 
0,0,0,0. 

136714 ^2'^^3"^'^]~^'^2'-'^3'-'^i'-'^2'^'^l'^3'^2'^'^3"^'^2'-'^3"^ —a~^—a~'^-\-2+a?+ 
i2(a-4+2a-2-2-a2)+t4(-a-2+l)+2(3a-5+7a-3+7a-i+3a+ 
+t(4a-*+6a-2+4)+t2(-4a-5-18a-3-27a-i-13a)+i3(-7a-4-20a-2- 
-14+a2)+t4(a-5+15a-3+31a-ll7a)+t5(2a-"'+19a-24.i7)+t6(_6a-3_ 

-na-^-7a)+f{-7a-'^-7)+t^{a-'-^+2a-^+a)+t^(a-'^+l)), 
0,0,0,0. 

+i'*(a-4+6a-2+l)-t6a-2+2(a-^+3a-3+2a-i+t(-a-''-8a-"'-13a-2-7)+ 
+t2(-a-5-12a-3-lla~i)+t-^(14a-"'24a-2+14)t*(15a-3+15a-l)+ 
+i^(-7a-4-13a-2-7)+t6(-7a-3-7a-i)+t7(a-4+2a-2+l)+t8{a-3+a-i)), 
-4,0,-4,-4. 

842 = K2, = K^2 (T2''^(T^^<JiCT2^<J3(Tj^<T^^i7.^,-2a-^-3~2a^+t'^{a-^+'i+a^)-t'^+ 

+2(-2a-i-2a+t(5a-2+8+5a2)+t2(6a-i+6a)+t3(-5a-2_9_5a2)^ 

t-*(-5a-i-5a)+t5(a-2+2+a2)+t6(a-l+a), 
2,0,2,2. 

IO71 <T^^ (J^^ <T2cr^^ o'^^ CF2<^\^ <^2^z^^^A^ — a^"^ — 3a^^ — 3— 3a^— 

+t2(a-*+4a-2+5+4a2+a'')+t-*(-2a-2_3_2a2)+t6+z(a-5+a-3_^-i_^_,_ 

+a^t{?,a-'^ +Qa-'^ +7+&a? +Za*)+t^ (-2a-"^ +7a-^ +7a-2a^)+ 
+t3(-6a-'*-10a2-9-10a2-6a'*)+t-*(a-5-5a-3-15a-i-15a-5a3+a5)+ 
t5(3a-*+2a-2-3+2a2+3a'')+t*'(4a-3+8a-i+8a4a3)+i7(3a-2+6+ 
+3a2)+t8(a-l+a)), 
0,0,0,0. 
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(Tf^<T^^<T2<T3<^j"^'^2'^<^3'^2'2a"^+5+2a2+t2(-3a-2-8-3a2)+(4(a-2^ 
+5+a2)-t6+2(-3a-3-7a-i-7a-3a3+t(-5a-2-8-5a2)+t2(7a-3+i6a-i + 
+16a+7a3 (13a-2 +23+13a2 (-5a-3 -Sa-'^ -8a-5a^)+t^ (- lOa-^ - 
- 19- 10a2 )+t6 (a-3 -2a-i -2a+a^)+t'' {2a-'^+4+2a2)+t^ (a"! +a)) , 

2,0,2,2. 

+t4(a-2+5+a2)-t6+2(o-5+2o~3+a-i-a-a3+t(a-4-3a-2-8-5o2)+ 
+(2 (-3a-3 -7o-i +2o+6a3 (7a-2 +20+16o2 (a-3 +80"! +2a-5o3 )+ 
+t5 (-50-2 -15- lla2 )+t6 (-5a- 1 -4a+a3 (a-^ +3+2a2 (o"! +a)) , 
2,0,2,2. 

(T*o-2"^'^i°"2"^'"^""^+9+4a^+*^(-8"~^-20-8a2)+t4(5a-2+i8a+5a2)+ 
+t'^(-o-2-7-o2)+t8+z(2a-5-7a-i-9a-3a3+a5+t(2a-''-3a-2-7- 
-5a2+a-*)+t2(-3a-5-a-3+12a-i+21o+8a3-3a5)+t3(-5a-4+4a-2+19+ 
+13a2-5a4)+t4{a-5_3a-3_5a-l_iia_9a3+a5)_,_j5(2a-4-4a-2_i3_ 

-10a2+2a'*)+t6(2a-3+a+3a3)+t''(2a-2+4+3a2)+t8(a_i+a)), 
0,0,0,0. 

IO104 <Tfo■2"^o■J(T2"^o■l(T2"^'^~^+3+a^+*^{-5a"^-ll-5a2)+^4(4a-2+l3+4a2)+ 

t^(-a-2-6-a2)+t*+z(-2a-3_4a-l_2a+a3+a5+t(2a-*-a-2-4+a2+3a'*)+ 

+t2(-2a-5+8a-3+13a-l+4a-a3-2a5)+t3(-6a-'*+8a-2+14-a2-6a'')+ 

+t'*(a-5-lla-3-12a-i-6a-5a3+a5)+t5(3a-'*-10a-2-16-4a2+3a'')+ 

+t«(5a-33a-i+2a+4a3)+t^(5a-2+8+4a2)+t8(2a-i+2o)), 

0,0,0,0. 

+t-*(a-2+6+a2)-t6+z(a-5-a-3-6a-i-8a-4a3+t(a-'*-2a-2-4-4a2)+ 

+t2(a-2+8a^i7a+10a3)+t3(a-2+7+10a2)+t4(-5a-i-lla-6a3)+ 

+tB(-5-6a2)+t6(a-i+2a+a3)+t''(l+a2)), 

-2,0,-2,-2. 



11 394 



II449 = i^4 = 



1048 
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